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I— Is Al shaping a new type of Mathematics?



OpenAl says it cracked 90-year-old
maths problem in 88 hours

Mathieu & X
1 @miniapeur - Follow

Fields medallist Hugo Duminil-Copin was deeply shaken by
OpenAl's release of more than 700 Al-generated
mathematical manuscripts, including work on 16 questions
directly relevant to his research.

“On Tuesday night, | cried, and it woke up my daughter”

“They have annihilated my Show more

lemonde.fr

Nouveau coup de massue d'OpenAl sur les mathématiciens : « lls ont ...
Apres les derniéres annonces de 'entreprise américaine sur la
résolution de plusieurs centaines de problémes de maths, le médaillé ...

12:59 PM - Oct 11, 2026 Q)

® 45K @ Reply (2 Copylink

Read 489 replies



Timeline

1 August
* Ten mathematical and theoretical-computer-science results, with Lean proofs.

8 September
* Navier-Stokes announcement, using a large multi-agent campaign.

6-7 October

* Broad manuscript collection, followed by withdrawals, corrections and
additional formalizations.

15 October

* Announcement of $5 million for a Simons Foundation initiative supporting
mathematical understanding.

26 October

* Two new manuscripts: local smoothing and the Exponential Time Hypothesis



https://github.com/openai/math

* 721 manuscripts across 373 problem families.

7 2 2 3 withdrawals} 7 1 g 2 additions ) 72 1

6 October 7 October 26 October

* 3withdrawals. Formalization approximately 42%

300 / 719

Top-level results formalized
as reported on 7 October.


https://github.com/openai/math

Estimated scale

Parameter

Navier—Stokes

Concurrent agents
Discovery elapsed time
Formalization / verification

Agent messages

Output tokens

Order of 10,000 in successful group
About 88 hours from first launch
Additional 17 hours, GPT-6 Astra

2.7 million

About 130 billion




Today

* Understand the principles of mathematical reasoning
* Linguistics and inference

* Exemplify contemporary methods for Al-based mathematical
reasoning.

* Neuro-symbolic perspective
* Architectural & evaluation paradigms

* Application areas
* Al4Science
* Controlled reasoning

Questions and comments at anytime please.



I— What is a mathematical proof?



What is a mathematical proof?

Truth Justification

What makes the statement true? Why are we entitled to believe it?
Compare accounts based on reality, coherence An argument or reliable method provides
and construction. grounds for belief.

Proof

What establishes the conclusion? Why does the result hold?

A construction or derivation meets the The argument reveals the relation that makes

relevant standards. it necessary.




Conceptualizations over mathematical proofs

( o A
aAnOsia
alétheia
Truth M
What is the case

\

apyodi ATTODEIELG ETLOTNUN
S h grounds apodeixis yields epistémé

S| :
First principles Proof / demonstration Knowledge / understanding
Deduction that yields

Starting points of demonstration understanding Grasping why a result holds

. J \ J
L Aristotle - 4th century BCE

S




Conceptualizations over mathematical proofs

r

4th century BCE
amooeiéLc - apodeixis
Proof / demonstration

Aristotle: deduction
yielding explanatory
knowledge.

J

o

From c. 1200

probare - preuve - proof

A parallel word family:
testing, evidence and
establishing a claim.

J

2

19th-20th centuries

proof - Beweis
formal derivation - Beweistheorie

Explicit inference rules;
proofs become mathematical
objects.

Showing / demonstrating

q Testing / establishing

!

12th—-14th centuries

demonstratio
scientia - veritas

Medieval Latin: knowledge
and truth.

quia: that it holds
propter quid: why it holds

!

s

y o

16th—17th centuries
demonstratio - démonstration

Renaissance debates:
certainty and explanation.

Geometrical order as a model.

Late 20th century-present
formal proof - proof term

Computers check derivations
against specified rules.

—




¢. 300 BCE Euclid: Elements 1.1

EGuclid.,

BOOK I.
PROPOSITION I. PROBLEM.

“% N e given finite
PTG Sraight line ()
88| t0 defcribe an equila-

teral triangle.

A diagram guides the argument with definitions and
DEEine G oA common notions justifying it.

@ (poftulate 3.); draw s andSe—(hofl] 1.).

then will \ be equilateral.

For mmm — (def. 15.);

and em— o e—(def. 15.),

b o (axiom. 1.);
and therefore 5 is the equilateral triangle required.

Q.E. D.

Oliver Byrne’s 1847 English edition - Proposition 1.1



1637 Descartes - La Géomeétrie

AB=1 DE| AC Connects geometrical and algebraic equivalences
BE / BC=BD/BA
BE = BD x BC

Original French edition - p. 298 - BnF / Gallica



1821 Cauchy: Cours d’analyse

variable. Ainsi, par exemple ,‘la for;cltion sin. .,
admettant pour chaque valeur particuliere de la
variable .« une valeur unique et finie, sera continue
entre deux limites quelconques de cetie variable,
attendu que la valeur numérique de sin. (¥a), et
par suite celle de fa différence |

sin. (x+ d.) — sin. X = 2 sin. (% d,) Cos, (.1:‘ +-;_— ab),

décroissent indéfiniment avec celle de «, quelle que
soit d'ailleurs la valeur finie que l'on attribue a .
En général, si I'on envisage sous le rapport de la

P . vy K o .

Mature algebraic notation, additional concepts added (continuity)

Original French edition - p. 35 - ETH Zurich / e-rara



1879 Frege: Begriffsschrift

¥ 6. Aus der in § 5 gegebenen Erklirung geht hervor, dass
aus den beiden Urtheilen

l——‘—A und I‘—_b’
— B

—— 4

das neue Urtheil

The logical form of the inference step becomes an object of exact notation.

Original German edition - §6, p. 7 - SUB Gottingen



1931 Godel: On formally undecidable propositions

Bu, ()=(m) [n=1(x) —> Az (0. Gla) \/ (n Gl2)sx\/  (5)
(Ep, ){0<p,g<n&Fl(n Glayp Gla,q Glz)}]1 & 1(z)>0
(vgl. den analogen ngriff 44) | |
| 2 Boy=DBu, () & [1(2)] Gla=y 6)
Bew, ()= (Ey)y B,z (6°1)

(vgl. die analogen Begriffe 45, 46).
Es gilt offenbar:

(@) [Bow. (@) o ¢ Flg (4] (1)
() [Bew (z) —> Bow,, ()] (®)

Proof itself can be studied mathematically, and formal systems have limits.

Original German paper - p. 187, definitions (5) - (8)



1984 Martin-Lof: Intuitionistic Type Theory

(Az)p(z) € (Xxz € A) B(x) — A.
In particular, when B(x) does not depend on z, we obtain

A& B D A true.

A proof can be a construction with computational content.

Lecture text - p. 25 - modern retypesetting



1976 — 1997

o v ol ol o 3R £
& @ B @ &
KD A vl TP b g
g e v B o o
Db ) A p g v

A smallest counterexample
must contain a listed configuration
but cannot contain any of them.

The Four-Colour Theorem - 1997 author manuscript

2

Robertson, Sanders, Seymour & Thomas

Reduce an infinite claim

Assume a smallest planar graph that cannot be
coloured with four colours.

Make cases unavoidable

Every such counterexample must contain one of
633 configurations in this proof.

Check reducibility

Computer checks establish that each
configuration permits reduction to a smaller
case. Contradiction.

A mathematical reduction makes a finite
computation decisive.



Gonthier: Formal Proof - The Four-Color Theorem

Step 1 Steps 2-3 Step 4

---------------

. 5""J§.i _____ E:f!iEEE"J Theorem four color

(m : map R),
simple map m - map colorable 4 m.

Step 5 Steps 6-7 Step 8

The same theorem now comes with a machine-checked formal derivation.

Author’s exposition, 2008 - p. 1388, Figure 3 - Notices AMS



Proof perspective

Geometric deduction

a

b

b+1

Extending a length preserves
the original comparison.

Symbolic calculation
a,beR, a<b
b+1)—a=kh-a)+1
>0 = a<b+1

Transform expressions by algebraic rules.

Formal deduction

a<b b<b+1

a<b+1
Transitivity

Explicit premises and inference rules.

Exhaustive computation

0<a<b<3: a<b+1
VARVARVARV4
v vV 10 pairs
v v 10 checks
Vv

All cases of a stated finite claim.

c. 300 BCE
I

17th-18th centuries

Late 19th-20th centuries
I

Late 20th century
I

I
9th-12th centuries

@ @

Present

I
19th century

20th century

Geometry supports algebra

x>0

G+1P=x+2x+1

Precise limits
An Sbm an —d, bn —b
a>b? e=(a-b)/3

a,>a—e>b+e>b,

Contradiction for large »; hence a<b.

Constructive evidence
b=a+k, keN
b+l=a+k+1)

k—k+1

A proof transforms evidence into evidence.

Formal checking + Al

h:a<b F a<b+1

exact le trans h
(Nat.le succ b)

Human or Al proposes — kernel checks

People check the intended meaning.




Ancient traditions

?

Verbal quantity

“Three times a quantity,

plus two, equals eleven.”

An unknown, expressed in words

Notational perspective

Greek geometry

?

3rd century CE - Diophantus

?

20th-21st centuries

?

Typed formal languages

MmM:N):n=n+1
Nat.le succ n

Explicit types and checkable
inference

1591 - Viete

Unknowns + parameters

3x+2=11
l
ax + b=c
Given quantities become symbolic
too

1637 - Descartes

?

s “\
Names for objects Abbreviated expressions
A B C quantity — x
AB + BC = AC square — X2
Letters identify geometric objects Recurring expressions get short
signs
\. y,
1879 - Frege 1734 - Euler
s ™
Quantification + scope Functional dependence
VX ER Iy ER f(x) = 3x + 2
y=X+2 f(3) =11
The choice of y may depend on x Variables connect inputs to outputs
\ J

Symbolic manipulation

ax + b=c
x=(c—Db)/a

General transformations; a = 0




Foundationalism Coherentism

Some beliefs have basic warrant. Beliefs gain support through their
relations.

[ First principles ] What do we agree on?
Belief A Belief B

[ Derived claims ]

] [ Belief C ]—[ Belief D ]

Do the parts reinforce or contradict each
other?

[ Conclusions

Where does inferential support begin?



Within a theory

Which axioms and rules
license this conclusion?

Inspect the derivation.
Check the construction.

Verify each dependency.

When evaluating the theory

Why choose these axioms
and this interpretation?

Consider explanatory power.
Compare connections and applications.

Examine coherence and alternatives.

An axiomatic proof and a broader network of justification can coexist.



Proof objects

Mathematical argument
In order to establish a truth assessment
NL + mathematical notation

Conceptualization and notation evolves in time
* Facilitate computation

Explicit assumptions, definitions
Constructed in a way to elicit relations between mathematical objects

Normatively organized
* Wrt representation and inference operations

Dialogues with background knowledge
* Foundationally & coherently

Possibly with a formal representation
Which can be mapped to a computational framework



I— Language & Reasoning



Co: “Taxation is theft.”

o Initial premise 6o Implicit definition

Taxation requires payment without an

individual opt-out. Any taking of property without individual
consent counts as theft.

Theft also involves taking another’s property.

Mo+ 060 FCo The inference depends on the proposed definition.



&0 becomes more precise

A Refined definitions 63 Theft vs coercion distinguished

&1 Theft: wrongful appropriation of another’s
property.
Coercion alone does not establish theft.
6, Coercion: compliance through force or
threatened sanctions.

o+ A I+ Co Lack of consent alone no longer establishes theft.



o: Compulsion becomes explicit

o Individual choice 84, 65 Distinct forms of agreement

A person cannot opt out of a tax obligation
merely by disagreeing. 04 Individual consent: a person’s agreement.

Noncompliance can trigger sanctions. &5 Collective authorization: a community’s
procedure for binding rules.

Ci: A compulsory transfer can have collective authorization.



T4: The institutional context

; Assumed authorization 1 Context expanded

Consider a tax enacted through a legal, [ =AU {mo, m}
democratic process.

Authority and procedure become relevant.
Representatives decide under public rules, Legal authorization alone does not settle moral
with accountability and routes for challenge. legitimacy.

C,: The question becomes whether this compulsory transfer is justified.



m2: Common benefits enter the argument

n, Assumed public benefit I, Context expanded

Contributions help fund shared infrastructure [, =T U {n}

and services.
Does provision deliver the benefit?

Residents can benefit through access to roads,
sanitation and public institutions. Who benefits, who pays, and what alternatives

exist?

Cs: Assess compulsion together with public benefits and burdens.



2: Value commitments become explicit

oo Principle of minimization 01, 02 Commitments retained
Compulsory burdens require justification. o1 Sustain justified public provision.
Among policies meeting the stated public 0, Respect rights, fair burdens and democratic
commitments and fairness conditions, prefer accountability.

the lower tax burden.

> ={00, 01, 02} The policy conclusion needs these value commitments.



[: “Minimize” acquires conditions

T(p) Objective F(r) Feasible policies
Minimize T(p) over p € F(IN. Adequate funding for agreed provision.
T(p) is the compulsory tax burden under policy p. Authorization, rights and fair burdens.

Efficiency and other revenues assessed.

[=AUMNUZ, with N ={mo, m;, m,}. These premises constrain the choice.



C*: Revisiting the conclusion

Co Original judgment I' Refined basis
“Taxation is theft.” A Refined definitions
M1 Compulsion, authorization, benefits
A single shared feature carried the argument. 2 Minimization, provision, fairness

[ = C*: Under these commitments, minimize taxation while sustaining justified, democratically
agreed public provision under fair and efficient arrangements.

Transitions from material to formal inference
E—

\ 4

implicit explicit



Ve

A

Co: “Taxation is theft.”

6o: Any taking without individual consent counts as theft.

0o is replaced by A
mo + A ¥ Co

Ve

A Definitions

61 Theft

Wrongful appropriation of another’s
property.

62 Coercion

Compliance through force or threatened
sanctions.

6s Violence

Physical force. Theft need not involve
violence.

641 Individual consent

A person’s agreement.

65 Collective authorization

A procedure for establishing binding public
rules.

-

IT Factual premises

o Compulsion

The tax obligation has no individual opt-out
and is backed by sanctions.

m Authorization

In this example, taxation follows a legal,
democratic process.

mz Public benefit

Taxation funds shared infrastructure and
services that provide public benefit.

2 Value commitments

oo Minimize the tax burden

Among policies meeting the commitments
below, prefer the lower compulsory tax
burden.

o1 Sustain public provision

Maintain justified, democratically agreed
public provision.

oz Respect fair arrangements

Protect rights, fair burdens and democratic
accountability.

I'=AviIlvu X

A

= {64, ..

., 05} IT = {mo, m1, 2} X = {00, 01, 02}

@(I"): policies satisfying the public commitments, with efficiency and other revenues assessed.

T(p): compulsory tax burden under policy p. Objective: minimize T(p) over p € ®(I').

I' - C*

Under these premises and commitments, minimize the compulsory tax burden while sustaining justified,
democratically agreed public provision under fair arrangements.




Transformers, LLMs & Reasoning

: . , Output: instability
Semantic & discourse relations

Material (content-based) inferences

Outputs
CISICKS
( Li#ear ]
A

,—-[ Decoder #n ]
A

’/_’[ Decc;der #2 ]

A
Model (CAddaNom J=| . Liniear 4

(_FeedForward ] ||

Decoder #1

[ Add & Norm ]41

Multi-Head
Attention

L. ILineari]ILineari] inear)

((Add&Nom J=[- @ & A )
Masked

Multi-Head
Attention

N )

| L3 )
POSitiO_naI C ;. @ ( E J > @
Encoding A | Figure credit: Lara-Benitez et al., 2020
(OOEOE®)] [(BOO®)

Inputs Outputs
(shifted right)

Input: Loss of BRCA2 may cause increased genomic ...



Transformers, LLMs & Reasoning

(AAA1,

Underlylng and Circuits [ ’_:'_\'I\I;.:.:;e:d?:::areC.TherefureaIIAare" ]
Output: instability ~ 8eometry .~ 4 ®
Out Sn
utputs (<) .
OO ~' | s —
2
( Linear J @ }
A c »{
/—P[ Decoder #n l > % uppn:sl (B)
A '
/—»[ Dec;c':ler #2 ) '
| CAdd & Norm ), )
M Od el E [ Feed Forward | " tave
§ (Add & Norm )~
e Mult-Head - . .
Juenin | Specialized and expressive latent semantic
/ — &W subspaces specialized and expressive (multi-
Waskad | K head attention).
Multi-Head
Attention
bositonal e Attention circuits that coordinate (mostly
Encoding ®'<}? ®'€P material) inferences.
[BROEE® | [&EEE) | | .
Inputs Outputs Figure credit: Lara-Benitez et al., 2020

(shifted right)

Input: Loss of BRCA2 may cause increased genomic ...



: Type
The spectrum of reasoning —RE
Explanatory/Abductive
Definitional
Argumentative
Evidence-based
Case-based
Counterfactual
Deductive
Inductive
Mechanistic

Reasoning

Arithmetic




Inference
Scale,
Complexity ‘Pen and paper’
Controlled
Formal
Computational

Code generation Agentic
Auto-formalization

Long-term

RAG memory
NL2SQL

NL2SPARQL

Data scale



Inference
Scale,
Complexity 'Pen and paper’
Controlled
Formal
Computational

Code generation Agentic
Auto-formalization

Long-term

RAG memory
NL2SQL

NL2SPARQL

Data scale



Neuro-symbolic Feedback
(Inference time)

Code Generation ‘ Agentic
Autoformalization

LLM

(The unreasonable effectiveness of)
Reflective Loops



LLMs and symbolic solvers

LLMs translate natural language into a formal language.
External symbolic solvers are responsible for deriving a logically valid solution.

o Symbolic solver
auto-formalization |sgpelle | Lean | Prolog | SymPy

| —
v e I — —==" Fomal derwation
| S

Generative Svymbolic

Transitions from material to formal inference
E—

implicit explicit



Reflective refinement

(* Explanation 1: DNA contains genetic instructions for proteins, and RNA helps assemble the proteins. *)
axiomatization where
explanation_1: "¥x y z el e2 e3. DNA x A GeneticInstructions y A Proteins z a Contains el A Agent el x A

Claim. Azathioprine interferes With the asse mbly Of proteins- Patient el y A RNA e2 A Helps e2 A Assemble e3 A Agent e3 e2 A Patient e3 z — HelpsAssemble e2 e3"

(* Explanation 2: Azathioprine interferes with DNA and RNA synthesis. *)

Explanation. DNA CO ntains genetic inStrUCtions for prOteins' and RNA ﬂxin::ﬁz:gi?‘:n?;?rgw y z el e2. Azathioprine x A DNA y A RNA z A Interferes el a Agent el x A Synthesis eZ a
helps assemble the proteins. Azathioprine interferes with DNA and RNA

Patient e2 y A Patient e2 z — InterferesWith el e2”

theorem hypothesis:
assumes asm: "Azathioprine x A Proteins y"

Synth esis ------- (* Hypothesis: Azathicprine }nter‘fares w1ﬂ1 the assembly of proteins. *) )
N (o 1 Tt shows "3x y el e2. Azathioprine x a Proteins y a Interferes el a Agent el x a Assembly e2 A Patient e2 y a
______ InterferesWith el e2”
‘‘‘‘ proof -
from asm have "Azathioprine x A Proteins y" by simp

‘‘‘‘‘‘ then obtain el e2 where el: "DNA x A GeneticInstructions y A Proteins z A Contains el A Agent el x A Patient el y
_ ______ A RNA e2 A Helps e2 A Assemble e3 A Agent e3 e2 A Patient e3 z" using explanation_l by blast
then obtain e3 where e3: "Azathioprine x A DNA y A RNA z A Interferes e3 A Agent e3 x A Synthesis e2 A Patient e2

_ i I . Patient ez 2" us lonation_2 by blast
aUtO forma llsatlon auto forma lisation g i:clvg ;:::clzsién:u"}::ieﬁ;‘:rzgqe;o: Agezt e; X A Assembly e2 A Patient e2 y A InterferesWith e3 e2" using €3 by
- simp

Neo_DaVidSOn ian Sem antics TP Mihow ?thesis using asm conclusion by blast

o

@ proof refinement Output, Error Log

Faileél at ... I_
®

Jde; (Contain(e;)AAgent (e, DNA)ATheme(e;, Genetic_Instructions)AFor (e, Proteins))
Jdes (Help(ez) AAgent (e, RNA)ATes (Assemble(es) AAgent(es, RNA)ATheme(es, Proteins)))

. 4

Formal derivation

Quan et al, EMNLP (2024) - outstanding paper award
Quanetal, ACL (2025)



Reflective refinement

(* Explanation 1: DNA contains genetic instructions for proteins, and RNA, synthesized from DNA, helps assemble the
proteins. *)
axiomatization where

explanation_1: "wx y z el e2 e3. DNA x A Proteins y A GeneticInstructions z A Contains el A Agent el x A
Patient el z A Synthesized e2 A Agent e2 x A RNA x A Helps e3 A Agent e3 x A Assemble e3 A Patient e3 y"

(* Explanation 2: The assembly of proteins is dependent on the synthesis of DNA and RNA. *)

Claim. Azathioprine interferes with the assembly of proteins.
Explanation. D NA co ntains genetic instructions for prote Ins’ and R NA ::‘izzéﬁ%gg:?e:l’feitEizei Proteins x A DNA y A RNA y A Assembly x A Synthesis el y A Agent el y A Dependent

(* Explanation 3: Azathioprine interferes with DNA and RNA synthesis. *)

helps assemble the proteins. Azathioprine interferes with DNA and RNA

explanation_3: "vx y z e. Azathioprine x A DNA y A RNA z A Synthesis e y A Synthesis e z A Interferes e A Agent
e x A Patient e y A Patient e 2"

Synth eSiS. @ “““““““““ theorem hypothesis:

assumes asm: "Azathioprine x A Proteins y"

(* Hypothesis: Azathioprine interferes with the assembly of proteins. *)

shows "3x y e. Azathioprine x A Proteins y A Interferes e A Agent e x A Patient e y"
proof -

autq—formallzatlon _ auto-formalization
Neo-Davidsonian semantics TP

@ proof refinement Output, Error Log

5 —

Jde; (Contain(e;)AAgent (e, DNA)ATheme(e;, Genetic_Instructions)AFor (e, Proteins))
Jdes (Help(ez) AAgent (e, RNA)ATes (Assemble(es) AAgent(es, RNA)ATheme(es, Proteins)))

x A Patient e y" using explanation_3 by blast
nt e x A Patient e y" using el e2 ‘Interferes e A Agent e x A Patient e y' by

sion by blast

4

Formal derivation

Refined Explanation. DNA contains genetic instructions for proteins, and RNA,
synthesized from DNA, helps assemble the proteins. The assembly of proteins depends on
DNA and RNA synthesis. Azathioprine interferes with DNA and RNA synthesis.



(* Explanation 1: DNA contains genetic instructions for proteins, and RNA, synthesized from DNA, helps assemble the
proteins. *)
axiomatization where

explanation_1: "vx y z el e2 e3. DNA x A Proteins y A GeneticInstructions z A Contains el A Agent el x A
Patient el z A Synthesized e2 A Agent e2 x A RNA x A Helps e3 A Agent e3 x A Assemble e3 A Patient e3 y"

(* Explanation 2: The assembly of proteins is dependent on the synthesis of DNA and RNA. *)
axiomatization where
explanation_2: "vx y el e2. Proteins x A DNA y A RNA y A Assembly x A Synthesis el y A Agent el y A Dependent

e2 A Agent eZ2 x A Patient eZ2 x"

(* Explanation 3: Azathioprine interferes with DNA and RNA synthesis. *)
axiomatization where
explanation_3: "vx y z e. Azathioprine x A DNA y A RNA z A Synthesis e y A Synthesis e z A Interferes e A Agent

e X A Patient e y A Patient e z"

theorem hypothesis:
assumes asm: "Azathioprine x A Proteins y"
(* Hypothesis: Azathioprine interferes with the assembly of proteins. *)
shows "3x y e. Azathioprine x A Proteins y A Interferes e A Agent e x A Patient e y"
proof -

from asm have "Azathioprine x A Proteins y" by simp

then obtain el where el: "Contains el A Agent el x A Patient el z A Synthesized e2 A Agent e2 x A RNA x A Helps
e3 A Agent e3 x A Assemble e3 A Patient e3 y" using explanation_1l by blast

then obtain e2 where e2: "Assembly x A Synthesis el y A Agent el y A Dependent e2 A Agent e2 x A Patient eZ2 x"
using explanation_2 by blast

then have "Interferes e A Agent e x A Patient e y" using explanation_3 by blast

have conclusion: "Interferes e A Agent e x A Patient e y" using el e2 "Interferes e A Agent e x A Patient e y by
simp

show ?thesis using asm conclusion by blast S
VN

THEOREM PROVER




NL Autoformalization

e-SNLI QASC WorldTree

Init. Final #Iter Init. Final #Iter Init. Final #Iter
Explanation-Refiner
Llama3.1-70b 23% 51% 408 4% 18% 407 2% 15% 5.23
GPT-40-mini 13% 30% 3.65 3% 20% 5.12 0% 4% 5.00
GPT-40 31% T71% 3.62 4% 26% 435 2% 13% 4.18
Deepseek-V3  25% 69% 2.82 4% 38% 371 3% 31% 4.52
Our Approach
Llama3.1-70b 36% 78% 238 11% 68% 290 6% 52% 4.62
GPT-40-mini 32% 77% 227 12% 71% 335 5% 47% 4.75
GPT-40 39% 89% 154 10% 79% 322 9% 56% 3.86
Deepseek-V3  41% 95% 150 17% 90% 253 7% 73%  3.55

Quan et al, EMNLP (2024)
Quan et al, ACL (2025)



Number of logically valid explanations
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Evaluating & refining reasoning

Gold standards: become infeasible very quickly for complex, specialized reasoning.

Solution: Evaluate via proxies that can be computed in an unsupervised way.

abduction
proof sketch
autoformalization

Rigid, formal critique
(e.g., consistency, logical validity)

Proxies for inference quality
Evaluate different dimensions LLM

A
v

refinement ‘ Output, error log l

»
»

Zhangetal, EMNLP (2025) — bestresource paperaward ¢ ..ible material critique
I ) + .

Zhangetal, ArXiv: 2506.10903 (2026) (e.g., plausibility, epistemic/linguistic) Syntactically Corre_Ct

Xu et al, ArXiv: 2606.09449 (2026) + Preserves semantics

—® + |ogically valid




Reference free: Localized critics as quality proxies

The Problem: Global
answer quality is difficult
to observe directly.

The Solution: Evaluate a _
structured elicited object P
through a vector of property
checks:

§(I3) = (61, ?gm)'

______________________________________________________

y=(Cl,...,Cn)

=l cn)

l

l

proxy coordinate

&1

proxy coordinate

&2

'

011110 (e

Syntax | Typing | Binding | Grounding

Preservation

l

y=(c1,...,¢n)

y=(c1,...,cn)

l

l

proxy coordinate

&3

proxy coordinate

€4

’Coverage SyntaxlTypinnginding| Grounding |Coverage SyntaxlTypinngindingl Grounding

Preservation

l l
011110 01T

Preservation

Coverage  Syntax | Typing | Binding | Semantic
P

reservation

compositionality




Proof text

Nodes mark terms. Arcs connect their occurrences.

Theorem. There are infinitely many primes.

Suppose p;, o . pr list all primes.

Let N:=pip>--- px+1.

For each / =1 (mod p,) o) q;ép,-.

But g is prime and outside the I|st

Therefore, infinitely many primes exist.

Function
What does it do?

State the goal

Open a hypothetical
context
Introduce an object

Invoke a known fact
to obtain a witness
Derive a constraint

Expose a conflict

Discharge the
assumption

Discourse relation
How does it link spans?

Organises the proof
Opposition to 0

Elaboration of 1
Uses its listed primes
Justification

Within this sentence
Consequence

From 2 and 3
Contradiction

3—4 conflict with 1
Conclusion

From the subproof 1-5

Linguistic properties/relations can be localized

Statement type
What kind of content?

Proposition
Target claim
Hypothetical
proposition
Definitional
statement
Existential
proposition
Universal
proposition
Incompatibility
claim
Proposition
Established claim



Proxies for correctness

Reasoning Kernel: p
[ parse -> elaborate -> typecheck -> proof ]“"\fgw( )
r P
Context: i
axiomatization where )
Aviolin is ar{lnstrunijr_\:c"]-- & yna (My,nl, )} explanation_1: "Vx. Violin X_:[Jrjftrymentx} M, )
------------------------------------------ > Eaoc ()
| orm=mmm theorem hypothesis:
. ne . °Y Y
Premise: Scsp(MZJ"D {assumes asm: “Woman x A Violiny A Statue z A
/
A woman is playing the violin in front £ (M) i | Playing xy A InFrontOf x z” b Eoyn (M)
4=
of a statue. e {shows}‘axye. Woman x A Instrumenty A Playing xy” || £ (M)
-4+ &y (M,
Hypothesis: R '~{usinglassms explanation_1 by blast
, , , $cov(nl, P)
Awoman is playing an instrument. |le-=------- + end M, VYV
Lo + explicit reasoning steps o
Implicit Explicit

+ grounded facts/defs/rules



I— Interactive theorem provers



Truth in Logic vs Constructive Type Theory

Statement

True ‘

False

Classical Logic: Truth is an inherent, abstract state. A proposition simply is true or false.

Statement

Proof-Object

Verified
Construction

Constructive Type Theory: Truth is a witnessed construction. To know a proposition holds
is to possess the mathematical object (the proof) that proves it.



Set Theory vs Constructive Type Theory

Propositions

Propositions

Propositions

Propositions

Universe of Objects

Propositions

Propositions

Objects

Propositions D
Objects

[

Objects

O

Objects

[]

O—+0

Objects

ropositions

l; Propositions

il

Objects

O

Objects

I

Objects

H

Objects

IZ|]—

; Propositions

=

Objects




Curry-Howard correspondence

Logic Equivalence Computation
Proposition = Type
Proof = Term

Proof Checking = Type Checking

This doctrine unifies logic and computation. Programs are seen as proofs, and
validating a logical argument is mathematically identical to checking a software type.




Proof-style programming syntax Logical correctness

def factorial (n : Nat) ; Na V(n:N), m>n— P(n+)

match n with oroof term : P 3 (m:N), m>nAm< 2*n
| 0 => 1 I (m: N, m>nAm< 2*n
| n+1=>(n+ 1) * fact = N) V. (m=n) (n) Ab, P(n+l)
'@ : Type —» P(n ¢ : Type

'@ : Type




Logic programming vs proof construction

Lean

I | 5 'E;

Derivation by Search Certified Construction
Backward chaining and unification Building a formal proof object
to satisfy a query. to be verified by the kernel.



Lean vs Prolog

Lean Prolog

Foundation Dependent Type Theory Horn Clause Logic
Main Activity Construct Proofs Resolve Queries

: Explicit checked proof Successful answer
Endpoint Result object substitution

. Tactics, rewriting, . : :

Automation simplification Unification, backtracking
Trust Basis Small foundational kernel Operational search

procedure



Goal-oriented workflow of proof assistants

theorem example (A B : Prop) (h : A) : AAB := by

Local Context

A : Prop
B : Prop
h : A

The Goal
FAAB

Define a state that must be satisfied by decomposing it into subgoals.
Assumes a human in the loop to plan and decompose.
Some operations can fill the gaps.



Let’'s make it concrete: informal proof

Let a, b € N and suppose a < b. Since b < b+ 1,
wehavea< b<b+1. Hencea < b +1.




Breaking down language/inferential functions

f N\ N
Introduce objects and domain 9 Assume a hypothesis
Fix arbitrary natural numbers \ Temporarily takea < b
a and b. as given. )
“Let” establishes the local context. J Let a, b = N an d Supp ose a < b .

pe-

T )
e Derive an intermediate claim

Supply a supporting reason . ; o
9 ke e et Sinceb<b+1, wehavea<b<b+1. Bt

fact.bi< bt 1. )
- * Hencea< b+ 1. [

\ J
e Gl

Propositions: the inequalities

State the conclusion Close the proof

“Hence” signals inference Marks completion of
by transitivity. | (a % b) (b < b4 1) the argument.

implicit rule: transitivity

a<b+1



Lean language constructs

Let a, b € N and suppose a < b. Since b < b+ 1,

we have a<b<b+1. Hencea < b+ 1.

import

Loads a module.

Mathlib provides mathematical
definitions and lemmas.

[]

S

theorem

Declares a named proof.
step_up names a proof of the
proposition after the colon.

J

|

) A

by
Starts tactic mode.

The indented commands
construct a proof term.

T~

exact le trans h h2 ¢

What the Lean keywords do
import Mathlib |
|/o theorem step_up (a b : N) (h : a<b): L
a s+ 1 =00 o
have h2 : b<b + 1 := Nat.le succ b
> il

g

i Reading the proof expression

le _trans h h2

Apply transitivity to the proofs h and h2.
le_trans and Nat.le_succ are theorem names, not keywords.

~

: introduces a type or proposition 1=

supplies a value or proof

have

Introduces an intermediate fact.
h2 names a proof that b < b + 1.

&

7

L exact

Closes the current goal.
The supplied term must have

| the required type.

~




intro h

Assume the premise of
the implication.

he P A=)
Goal: O AN P

constructor

To prove “and”, prove
both components.

Goal 1: Q
Goal 2: P

Tactics

'\

import Mathlib

theorem swap_and (P Q : Prop)
P A @ =20 AP &= by
ittro.h
rcases h with (hp, hq)

constructor

- exact hq @

- exact hp @

72

rcases h with (hp, hq)

Unpack a proof of “and”
into its two parts.

[ips=sP hg===0

exact

Supply a proof whose type
matches the current goal.

hg closes Q
hp closes P




Available tactics

.

Introduce and build

intro -
constructor -

intros -+ rintro

left  right < use

Introduce assumptions or construct evidence.

p
Apply and close
exact + apply - refine
assumption rfl « travial

Supply a proof or reduce the goal to premises.

Organize facts

have - let -
specialize -

suffices -+ obtain

revert - clear - rename_ i

Create and manage local facts and variables.

z

e

N
Cases and induction Negation and contradiction Rewrite and simplify
cases -+ rcases + induction by_contra - contradiction rw « erw * simp + simpa
by cases - split exfalso + push_neg + contrapose simp_all -« dsimp - unfold + subst
Divide the proof into cases or inductive steps. ¥Reason through negation and falsehood. s Rewrite equalities and simplify expressions. )
8 ,
Equality and structure Arithmetic and algebra | Bounds, fields and casts
change -+ congr - ext - funext norm_num - ring - ring_nf | positivity - field_simp
symm + trans linarith - nlinarith < omega norm_cast push_cast
exact_mod_cast - gcongr
i Compare components and transform relations. Normalize expressions and solve arithmetic goals. | Handle signs, denominators, coercions and bounds.
| \
i f fl e 12 j 2
Search and automation Control subgoals Specialized reasoning
aesop + grind - decide all goals - any_goals - focus fin_cases interval_cases
? ? imp? . i1
exact? apply. simp? first | « try - repeat » <> fun_Prop mea§urab111ty
solve by elim continuity + filter_upwards
by Search for proofs or invoke automated reasoning. Select, combine and repeat tactic actions. L Use automation for particular mathematical domains./
o




Proof elements

Let a,b € N and suppose a < b. Since b < b+ 1,
we havea<b<b+1. Hencea<b+1. []

Imports
Mathlib supplies lemmas
and notation.

If a < b, then a < b+ 1 (natural numbers)

Parameters and hypothesis

a, b are natural numbers;
h proves a < b.

Theorem statement
The goalisa < b + 1.

(-
~—e import Mathlib

theorem step_upQ(a D : :
}\/a <b+1 := by /
/ have h2: *=be< b v ="Nat.Te_suec b

N) (h : a < b)

|

exact le_trans h h2 e—

\.

Equivalent proof term

le_trans h (Nat.le_succ b)
Lean checks its type: a < b + 1.

Intermediate fact
h2 proves b < b + 1.

=

Proof step

Transitivity combines h and h2.

~

J

Proof term

Explicit evidence for
the conclusion.




Imported lemmas from Mathlib

import Mathlib

Makes declarations available
from Mathlib and its
dependencies.

Reuse through imports,
not class inheritance.

J

" Parameters and hypothesis
(ab 2 N)/(h : a<b)
Introduce the natural numbers
a, b and the hypothesis h.

\

MW

(
~e import Mathlib

/,theorem step_up‘(a b= N (R a.=H)
asb+1

have h2

:= by
: b<b+1:=Nat.le succ b.

exact le _trans h h2 e

/

Goal of the theorem
a<b+1

This is the statement to be
proved, shown before := by.

_

%

S

.

Nat.le_succ

General fact: n < Nat.succ n
Atn=b: bsb+1

This supplies the proof named h2.

For natural numbers, b + 1 and
Nat.succ b are definitionally equal.

Lean fills in the implicit information A

From h and h2, Lean infers the endpoints and the order on N.

h+az<bh h2 ¢+ b<b+1

le trans h h2 :

<

a<b+1

le_trans

General rule: x<yandy <z
imply x < z

Here: x=a,y=b,z=b+1
Inputs: h:a<bandh2:bs<b+1
Result: a<b +1

J/

These lemmas belong to Lean’s imported library environment. Some originate in Lean core rather than Mathlib itself.




Mathlib bindings

N = A& )
Natural numbers — Lean core The order relation — Lean core The successor lemma — Lean core
inductive Nat where pr°re:::f f‘"g::tizen"'it'le L theorem Nat.le_succ (n : Nat) :
| zero : Nat | step {m} : Nat.le n m - Nat.le n (succ m) LE:de ni(succn) ¢=
| succ (n : Nat) : Nat Nat.le.step Nat.le.refl
instance instLENat : LE Nat where
: : le := Nat.le
N is notation for Nat. Zero and successor One step from reflexivity proves n < n + 1.
generate the natural numbers. Reflexivity givesn < n. Astepextendsn <mton<m+ 1.
Init/Prelude.lean Init/Prelude.lean Init/Prelude.lean
7 & 2 @ J
D \

Why + 1 is successor — Lean core
Inside namespace Nat

theorem add_one (n : Nat) :
a4 = Suee N

il

rfl checks definitional equality: both
expressions compute to the same form.

Init/Data/Nat/Basic.lean

Generic transitivity — Mathlib
L 0

variable [Preorder a] {a b c

lemma le_trans :
as<b-b<c-acc:
Preorder.le_trans _ _ _

Uses the transitivity field of a preorder.
Here Lean selects the order on N.

Mathlib/Order/Defs/PartialOrder.lean J
=

.

Nat.le_succ supplies h2. le_trans combines h and h2.

Our proof reuses these declarations

import Mathlib

theorem step_up (ab:N) (h: a<b):
asb+1:=by
have h2 : b<b + 1 := Nat.le_succ b

exact le_trans h h2

J/




Mathlib domains

N ) (. )
Foundations and order Algebra Linear algebra Number theory
Logic, sets, functions, relations Groups, rings, fields and modules Vector spaces and linear maps Primes, divisibility and congruences
Orders, lattices, cardinals, ordinals Polynomials and field extensions Matrices, bases and dimension p-adic numbers and number fields
a b -
Ve, "™ di==Dh a(b +c) =ab + ac o a=b (mod n)
Y J \. J
D ( )\ ( )
Analysis Topology Measure and integration Probability

Real and complex analysis
Derivatives, series and normed spaces

f'(x)

Topological and metric spaces
Continuity, compactness and filters

Measurable spaces and measures
Lebesgue and Bochner integration

[ 1 dn

P

Distributions and random variables

Independence and conditional
expectation

E[X]

_ J Q J J
. f . Ll \ ﬁ ( . \
Geometry and manifolds Combinatorics and graphs Category theory Advanced algebraic structures
Euclidean and convex geometry Finite sets, counting and graphs Categories, functors and natural Algebraic geometry and schemes
Smooth manifolds and Lie groups Combinatorial and extremal results tr-an.sform.atlon.s _ Homological algebra and algebraic
Limits, adjunctions and monoidal topology
categories
A—- B->C » = Yep 2= 20y i
. 7 & R J




Data have types

a- ' Nuand b.» N
a and b are natural numbers.

-

Types and proofs

|

A proposition is a type
a <.b. Y "Ppop

e - o

h is a proof inhabiting
that proposition.

~N

=

The goal is a type to inhabit

Construct a term of type
as<b#+l.

import Mathli\

theorem step_up (a b : N.),o(h ansb )y ¢ /
/,‘asb+1 := by
have h2 : b < b + 1 := Nat.le succ b
exact le trans h h2 e—
/( >
4 )
he*Sans b (PR Ol S

function
licati
le trans h h2 : a<b + 1 @— S s Oy

A lemma supplies a proof term
Nat.lessuccsb* : br=s~by+<l
The name h2 refers to this proof.

.
Implication acts as a function type

At these endpoints:
(a<b)>(Mb=<sb+1)—>(asb+1)

Transitivity takes two proofs and

returns a proof.
$

. )

Application constructs the conclusion
e strans' hoh2 +wa.< b+ 1
exact supplies this term to close the goal.

J




In practice

Let a, b € N and suppose a < b. Since b < b+ 1,

.

wehavea<b<b+1. Hencea<b+1. (]
Lean ]

import Mathlib

theorem step_up (a b : N) (h : =)

a<b+1

= by .—-@egln the proofj

r[ Proof state ]

Fa = % 4

One goal to prove




In practice

— Lean |

import Mathlib

theorem step_up (a b : N) (h : a<b) :

a<b+1 :=by
have h2 « b-<'b + 1 = by

- Proof state |

Proving the intermediate claim J

—_ —

|
Outer goal resumes afterward:

a<b+1




In practice

\

Lean 1

| import Mathlib

theorem step_up (a b : N) (h :

ag=ShussiN = by
RaVieShZeSbE=EpE ]S : = by

exact Nat.-le stuee b

IA

{ Proof state ]

Fa.=h -+ 1

h2 is now available




d

Lean

N

In practice

>

import Mathlib

theorem step_up (a b : N) (h :

de= b = Y := by
have JhiZ2e=sh = £ =

exact Nat.le _succ b

exact le _trans h h2

by

IA

b)

/{ Proof state j

v
No goals

Proof complete




Contrasting to an algebraic solver (Sympy)

Import ~ \
Load SymPy for symbolic ~—e® 1mport sympy as sp p Simplify th =
algebra. 1mp € gap
e /Oa’ d = sp.symbols('a d', / (b + 1) — a becomes d + 1.

Declare the domain \_/ integer=True, nonnegative=True) § J
a and d are nonnegative ®ob=a+d . "
integers. [/ b

2 /A gap = sp.simplify((b + 1) - a) _— Query positivity

= - SymPy returns True

Encode the hypothesis print(gap) / \ W ;
Writ‘iiz a +dwithd >0, print(gap.is_positive) e " "
soa <b. L !
Every admissible pair is Interpret the result

True A symbolic check, not a Lean proof

certificate.
J

b+1-a>0impliesa<b+1,
covered by d =b - a. d + 1 ']/ henceasb+1.p




Lean architecture

Libraries
(Vast mathematics and logical infrastructure)

Tactic & Metaprogramming Layer
(Complex automation, search, and simplifiers)

Elaborator

(Translates human syntax into
explicit formal objects)

The Kernel

(Tiny, unyielding

type-checker)




An example from Physics

Let a particle in R? have constant mass m > 0, charge g,
and differentiable velocity v(¢) on a time interval.

Suppose its only force is magnetic:
mv = q(v x B).

Define K(t) = %m v(t) - v(t). Then

K=mv-v=gqv-(vxB)=0,
since v X B is perpendicular to v.

Hence K (t) is constant. []



Breaking down language/inferential functions

o

ILnttrodl}ff:e ?I?Ject: . Let a particle in R® have constant mass m > 0, charge g, Derive an identity

el speciiies € partcile,

e & sl and differentiable velocity v(t) on a time interval. Then uses differentiation

differentinblliy . . . and the equation of motion.
. d / Suppose its only force is magnetic:

.

Assume the model mv = q(v x B).

Suppose states the 6 Give a geometric reason

magne.tic—only equation Define K(t) .. mv(t) ) V(t). Then Since invokes orthogonality,
I of motion. . 2 making the dot product zero.

e L B T D O
Define the quantity : T e " Conclud
Defire it e since v is perpendicular to v. 6 onclude

kinetic energy K (t). Hence infers constancy from

a zero derivative on an interval.

Hence K (t) is constant. [J e—




®

An example from Physics

v L B e no electric or other force

Magnetic field

B: field direction and strength
& points into the page.

¢, Charge and mass
: ( sets the magnetic coupling.
m sets the inertial response.

Equation of motion
mv =F = q(v x B)

The force bends the trajectory.

J &

(@ Energy
K = sm|lv|’

2
K=vw-F=1

Perpendicular force: constant speed.

7




Value of a Physics derivation

p-

"

Assumed physical model ‘

my =14q

(v x B)

Constant m > 0; uniform, static B;
v L B; g # 0; no other forces; nonrelativistic motion.

v

s

Mathematical correctness
1
K = 5m|v|’

K=mv-v=¢qv-(vxB)=0

geometric cancellation
(perpendicular)

Therefore K and speed ||v|| are constant.

r

.

Does the conclusion follow from the assumptions?

Proof checks the inference.
Lean can check a formalized derivation.
The physical assumptions remain assumptions.

~

derive

predictions
s

[

3

| ./
\
Empirical predictive power
mv _ lq|B
= = ——
q|B m
B =||B||; vi = ||v|| here.
— Predicted orbit Com.pare e
turning rate and
[llustrative speed with
measurements | ghservations.
[ Does the model predict what is measured?
Agreement supports the model in the tested regime.
{ Disagreement can reveal missing forces or limits of the model.
R S A iy ey



Breaking down language/inferential functions

Formalizing the algebraic cancellation in the physics proof.

( : )
b b Cartesian force
L1 rary N ) The three g * (...) expressions
Mathlib supplies real ~e import Mathlib are.Fy, o, -Fy.
arithmetic and ring. ) . A right-handed orthonormal
theorem magnetic_power | frame is implicit.
J

R Bx By Bz : R
Real parameters (q vx vy vz Bx By Bz )
Charge q and the

components of v and B. vy * (g x (vz x Bx - vx % Bz))
—J

vx * (q * (vy * Bz - vz * By)) Proof tactic

ring normalizes the polynomial;

1| A
(@)
Il

VZe % (cq=FanV X%k “Byst= Vs %=BX)e) by/ o its terms cancel.
)
Target proposition ring e . p ’
Provev:F =0: : . i What is established
zero magnetic power. The algebraic identity

v » dgivox BY=10;
The calculus step is separate.




import Mathlib
open Set
abbrev V := EuclideanSpace R (Fin 3)
def cross (uv : V) : V :=
WithLp.tolLp 2 (crossProduct u.ofLp v.ofLp)

lemma inner_cross (u v : V)
inner R u (cross u v) = 0 := by
rw [EuclideanSpace.inner_eq_star_dotProduct]
simp only [cross, WithlLp.ofLp_tolLp, star_trivial]
rw [dotProduct_comm]
exact dot_self_cross u.ofLp v.ofLp

theorem magnetic_energy
(mglr :R) (_hm:0<m)(vaB:R->YV)
(hd : ¥ t € Ioo 1 r, HasDerivAt v (a t) t)

(hf : ¥t € Icolr,

meat=gq-e* cross (vit) (Bt))
(st :R) (hs : s € Ioolr) (ht : t € Ioo 1 r)
m/2*|vs|| ~2=m/ 2 * |vi| ™2 := by

let K :=funu=>m/ 2 *|vul] ~ 2
have hK : V u € Ioo 1 r, HasDerivAt K 0 u := by
intro u hu
have hpower : m * inner R (v u) (a u) = 0 := by
have h := congrArg (fun w => inner R (v u) w) (hf u hu)
simpa only [inner_smul_right, inner_cross, mul_zero] using h

convert (hd u hu).norm_sq.const_mul (m / 2) using 1
dsimp
nlinarith [hpower]

exact isOpen_Ioo.is_const_of_deriv_eq_zero
(convex_Ioo 1 r).isPreconnected
(fun u hu => (hK u hu).differentiableAt.differentiableWithinAt)
(fun u hu => (hK u hu).deriv) hs ht

Euclidean vector types

V carries the Euclidean norm

and inner product in three dimensions.
cross adapts Mathlib’s cross product
to this Euclidean representation.

Geometric orthogonality

The cross product is perpendicular
to its first argument.

An existing Mathlib theorem proves
the zero inner product.

Curves and derivatives

v, a, B are vector-valued curves.
Mass m and charge q are constant.
HasDerivAt states that a is

the derivative of von (1, r).

Dynamics and target

Assume the total force is g(v x B).
Scalar multiplication uses e.

The target is equal kinetic energy
at any two times in the interval.

Energy and magnetic power

K uses the squared Euclidean norm.
Take the inner product of the force
equation with v. Orthogonality gives
m (v, a) = 0.

Vector calculus

norm_sq differentiates |v|2.
const mul supplies the factor m/2.
The resultis K' = m (v, a) = 0.

Energy is constant

The interval is open and connected.
Mathlib’s zero-derivative theorem
concludes K(s) = K(t).




Symbolic tools

Import SymPy for exact
symbolic calculation.

Real components

Represent charge, velocity
and field by real symbols.

Coordinate vectors

Three components in a

right-handed orthonormal |
frame.

J

Sympy version

® import sympy as sp

VX WY VZ, BX, By, Bz, g =

= sp.Matrixtivx, v, vzl)
= sp.Matrix([Bx, By, Bzl)

gl < =

sp.symbols(

///’. "vx vy vz Bx By Bz q", real=True

= g * v.cross(B) @
power = sp.expand(v.dot(F))
print(power)

a4

Output:
0

/

.

Magnetic force

cross computes v x B;
multiply by q.

Instantaneous power

dot forms v - F; expand

cancels the terms.
J

Exact symbolic result\

The expression reduces to 0
for all real components.

This checks the algebraic step,
not the calculus argument.

J




Relation to the predictive dimension

( Apparatus

Magnetic field bends the track.
Vapour makes the ionization trail visible.

\O

Cloud chamber *_ 4,

Supersaturated vapour ¢, B=15T
® ® ® A% e Lead reduces particle momentum.
After: p ~225MeV/c %\ @ ® ¥
® R~5cm A 7 f . i
® o o : © € Calculation
Lead plate - 6 mm '.: Lo |C]|€R.
- ) For |gq| = e:
® R ® ¢ ® ® p [MeV/c] =~ 299.8 B [T] R [m]
Smaller R means smaller momentum.
=

\.

-
Inference

Tighter curvature follows the lead crossing.

Energy loss determines upward travel.

Field direction and bending give

positive charge. )

R~ 14 cm o -
X o Droplets reveal
£ the track

X




Relation to the predictive dimension

After lead

BR ~0.075Tm
R~ 5/cm
p = 22.5MeV/c

Tighter curvature:
lower momentum.

Lead plate
Thickness: 6 mm

Energy is lost through
interactions with matter.

Before lead

BR =~ 021'T m
R = 14 cm
p =~ 63.0 MeV/c

Broader curvature:
higher momentum.

Anderson, 1932 — annotated reproduction

Model and calculation
B=15T;assume |g| = e

p = |q|BR

p [MeV/c] ~299.8 B [T] R [m]
Before: 299.8 x 1.5 x 0.14 ~ 63.0
After: 299.8 x 1.5 x 0.05 ~ 22.5

J

Prediction confronted with evidence y

Energy loss predicts tighter
curvature after the plate.

The photograph shows this change.

Confirmatory inference
Energy loss establishes upward travel.
Travel direction + known field + bending
imply positive charge.

Track length and ionization help exclude
a proton.




I_ Mathematical reasoning:
Architectural patterns



Two major entangled reasoning regimes

Verification
Discovery



Two major reasoning regimes

> Verification

- Emphasis is on correctness, elicitation

- Logical validity (via formalization)

formal-based
(auto-) formalization,

retrieval of formal statements,
Reasoning signhature library binding

(Generative & symbolic) semantic preservation,
syntactic correctness,

formal validity,
deductive



Real-world mathematical verification

12 ANALYTIC GEOMETRY

is surjective. For this, consider the map
S % {~1,0,1)" = lim 87 x {~1,0,1}" - lim Z[S\]<s
1 i

given by (z1,...,Zn,a1,...,a,) + a1[z1] + ... + ay[z,]. This is a cofiltered limit of surjections of V e ry C o I I I p I ex [ J

finite sets, and so a surjection of profinite sets. This map sits in a commutative diagram

S x {-1,0,1}" lim, Z[S:)<n

28] Un b, ZIS] <

[ [ [
and so implies that the lower map contains Z[S;]<, in its image. As this works for any n, we get
the desired result. a

REMARK 2.2. In particular, we see that the condensed set Z[S] is quasiseparated, and in fact
comes from a compactly generated weak Hausdorff topological space Z[S]iop, by Proposition 1.2 (4).
Moreover, by Lemma 1.3, the addition

Z[Sliop X Z[S)iop — Z[Skop

is continuous (not only when the source is equipped with its compactly generated topology), so
Z[S] really comes from a topological abelian group Z[S]iop.

EXERCISE 2.3. Prove that for any compact Hausdorff space S, the condensed abelian group ° ° °
Z[S] can naturally be written as a countable union | J,, Z[S]<,, of compact Hausdorff spaces Z[S]<,, D I d I d o eve r h I n r I h t ’?
and comes from a topological abelian group Z[S]iop. °

The idea of solid modules is that we would want to enlarge Z[S], allowing more sums deemed
“convergent”, and an obvious possibility presents itself:

Z[S)" = @Z[Si]-
In particular, this ensures that
Z[N U {oo}]®/([oo] = 0) = im Z[{0, 1,...,n — 1,00}]/([00] = 0) = Jm Z[T]/T" = Z[[T]]

n

is the power series algebra.®
In other words, we want to pass to a subcategory Solid C Cond(Ab) with the property that the
free solid abelian group on a profinite set S is Z[S]". This is codified in the following definition.

DEFINITION 2.4. A condensed abelian group M is solid if for any profinite set S with a map
f 8 — M, there is a unique map of condensed abelian groups f : Z[S]" — M such that the
composite S — Z[S]™ — M is the given map f.

Let us immediately state the main theorem on solid abelian groups.

GHerB, Z[T] denotes the polynomial algebra in a variable T, not the free condensed module on a profinite set T 1 0 0




Real-world mathematical verification

variables (p' p : R=0) [fact (0 < p')] [fact (p' < p)] [fact (p = 1)]

theorem liquid_tensor_experiment
(S : Profinite) (V : pBanach p) :
Vi>0, Exti (#£_{p'} S) V=20 :=

-— the proof ... N
— > Formalization _.| E '_ '
| <
x100 The Liquid Tensor Experiment H\V/N
> 12 specialists 41_ S

~ 18 months

- material inferences
- incomplete
- potentially incorrect

https://github.com/leanprover-community/lean-liquid



Two major reasoning regimes

> Discovery

- ldentifying conceptual tensions

- Producing new hypotheses and abstractions

- Emphasis is on cohered mathematical arguments

- Bridging existing concepts, theorems, axioms, etc.

Reasoning sighature

(Generative dominated)

Content-based,
conceptualinterpretation,
broader retrieval,
explanatory/abductive



Architectural paradigms

* Multi-agent inference-time

* Model training/steering
* Pre-training/SFT/RL
* Steering methods



NL m——

Verification & mathematical autoformalization
(broad strokes)

Elicitation
Agents

NS Loops

NS Loops

Critics

Grounding

Agents

Formal
RAG

Mathlib

Solver

s FOrmal

=

o

+ Syntactically correct

+ Preserves NL-LF semantics
+ Logically valid

+ Conceptually grounded



Verification & mathematical autoformalization
(broad strokes)

Elicitation

NL  — Agents

Maijor bottlenecks:

> Mathlib grounding

> Filling the formal gap
> Semantic preservation
> Completeness

NS Loops

NS Loops

Critics

Grounding

Agents

Formal
RAG

Mathlib

Solver

Formal

}_

o

+ Syntactically correct

+ Preserves NL-LF semantics
+ Logically valid

+ Conceptually grounded



® lunar

Skill
Package version I S

v7 - Matl v

[~
(e

Q Search skills... 188 skills
Runtime: ready

Home 2 Atp 2 skills

D Chat > Autoformalization 13 skills
@ Data Sources > Benchmarks 1 skill

) i skills
E Al Prompts Control 8 skill

> lIsabelle 4 skills
[£) Reports

> Latex Textbook 8 skills
% Templates s

> Lean 21 skills
(£ AIModels

> Mathformerlib 4 skills
[g:' Repository

> Mathformerphysicslib 13 skills
@5 Prism

> Mathlib 22 skills
[T] skills

> Paper 2 skills

> Physics Common 24 skills

> Physics Isabelle 6 skills

o danilo@lunarbas... 2

L > Physics Lean 3% skl






https://github.com/idiap/lunar

Discovery
(broad strokes)

Memory informal tactics

NL conjecture
~ | =
I
decomp.

Premise
selection

Informal proof

+ Cohered
+ Hypotheses

Existing proof
dependencies

Informal proofs

@



Discovery
(broad strokes)

Memory informal tactics

NL conjecture

~ | =
I
decomp.

Informal proof

Premise
selection

+ Cohered
+ Hypotheses

Maijor bottlenecks:

> Epistemology of discovery

> Understanding agentic dynamics
> Goal drifting

> When to stop a hypothesis

Existing proof
dependencies

Informal proofs






Most agentic workload is on verification




CQs:
- Is all background knowledge present? Agentic systems are self-critical
- Is it necessary and sufficient?

Authoritative Self-reflective loops

references l

|—> F Elicit —_— Reason —_— Critic -

J I I Logical Representation

Context (working memory)

CQs:
- Are all sources for facts and definitions available? CQs:
- Are the sources authoritative and up to date? - Have we decomposed all specialized inferences?

- Have we specified and integrated all external tools?
- Are they described systematically and completely?
- Have we critically defined the validity conditions?



Lean Draft

memeemeeeao GOMVErQENtModwla
|- -

yeiq uee]

Lean Execution Evidence

Calibrate Refinement

Status

2

o
e

Q.e

Lean Refinement
Disposition

..............................................

o integrated signal +[ Revies oo Drfl ]




Conceptualizing & managing complex inferences

PRISM

VAR

https://github.com/idiap/prism



https://github.com/idiap/prism




asolve a Lean concept demand against a fixed mathlib revision, verify the
aclarations that actually fit, and produce a usable API and import plan.

soning GroundLeanAPIs(
workflow_source: LeanFormalizationConceptDemand,

sequence:

parallel:
# Resolve requested concepts, ambiguity, proof roles, and navigation bounds.

[concept_model: ModelConceptDemand(workflow_source)]

# Observe a version-stamped declaration and import snapshot.
[mathlib_snapshot: InspectMathlibSnapshot(workflow_source)]

# Search local indexes, hierarchy neighborhoods, and official-source fallbacks.
[candidates: RetrieveMathlibCandidates(MathlibSearchBasis (

concept_model = concept_model.value,
mathlib_snapshot = mathlib_snapshot.value,
))1 by RetrieveCandidates

concept_model = concept_model.value,
mathlib_snapshot = mathlib_snapshot.value,
candidates = candidates.value,

))] by GroundCandidates

# Assess whether every demanded concept has verified coverage or an explicit gap.
[coverage_check: AssessConceptCoverage(MathlibCoverageCase(

concept_model = concept_model.value,






I— Methods



The Interplay Between Informal and Formal Reasoning

Natural Language

Informal Statement

Formal Language

Formal Statement —»

(&

LLM

J

LLM

-

Formal Reasoning

Informal Reasoning

1 Autoformalization

b

Proof Assistant

L]




The Interplay Between Informal and Formal Reasoning

THE CHALLENGE

Expressed in papers, textbooks, lectures Expressed in formal languages
(Lean, Isabelle, Coq, Mizar) and
verified.

MOST MATHEMATICAL KNOWLEDGE SMALL PORTION



The Interplay Between Informal and Formal Reasoning

Direct Tactic Prediction
(SFT) Thought-augmented Tactic Prediction
(Lean-STaR)

Input - Lean State

#il State

: N

: Nat.lcm 120 b
: Nat.ged 128 b
3720 e

Input - Lean State

#Ht State 3720

b : N
he : Nat.lcm 120 b
h: : Nat.gcd 120 b

inn
@

b = 248 { Output - Natural Language Thought ]

### Reasoning

To determine the specific value of "b° from the given hypotheses about its greatest common
divisor (GCD) and least common multiple (LCM) with "128°, we need to relate the given GCD to the
LCM, recegnizing the fundamental theorem of greatest common divisors which relates LCM to GCD in
a specific way. This will enable us to establish an eguation involving "b", facilitating the
identification of 'b" through algebraic manipulation.

v

Output - Lean Tactic

#t Next tactic: ## Next tactic:
have h = Nat.gcd_mul_lcm 120 b have h := Nat.gcd_mul_lcm 120 b

Output - Lean Tactic

(Lin et al., 2025)



https://proceedings.iclr.cc/paper_files/paper/2025/file/a5357781c204d4412e44ed9cbcdb08d5-Paper-Conference.pdf

The Interplay Between Informal and Formal Reasoning

Verified formal proof

#1*28 = n*4” have cl: “1*28 = n*4”

Formal sketch

Statement Informal proof have cl: = :
WE knDW thﬂt ﬁd ﬂ,b‘ ] ]{:1“[1 ﬂ,b — ﬂb, using assms Uslng assms
If ged(n, 4) =1 and hence 1 - 28 =gn El } (:2) <proof> by (smt (z3) prod_gcd_lcm nat)
lem(n, 4) = 28, then have c2: “n = 1*28/4" then have c2: “n = 1%28/4"
Thenn=1-28/4=717, {pruuf} by auto

show that nis 7. i 1 1.
;_then thw 7thEBlB ;then shc:-w ?thes.'l.s

completing the proof. W

: {pruuf} hy auto
: ‘
(_ Informal \ a_utgfnrma"z; Off-the-shelf
. | Proof Writer | " % Prover
Draft informal proot Generate formal sketch Prove remaining gaps

(Jiang et al., 2023)



https://arxiv.org/pdf/2210.12283

Informal Statement: Show that for any real number a, 10a < 28a° + 1.

Informal Proof:
It suffices to show 0 < 28a® — 10a + 1. First, consider completing the square for 28a* — 10a and

observe that (a — %)2 = a’—32a+(5/28)". Since 0 < (a — %}2, we get 0 < a” —32a+(5/28)°.
Multiplying by 28 and simplifying gives 0 < 28a® — 10a + (25/28). Since 25/28 < 1, the result

follows.
Formal Statement:

theorem algebra bincmnegdiscrineg 10altZB8asgpl:
fixes a :: real
shows "10 » a < 28 » a™2 + 1"

Formal Proof Sketch:
proof — (* it suffices to show 0 <= 28a"2 — 10a + 1 x)
have c0: "0 < 283”2 - 10a + 1"
proof - (* cbserve that (a — (5/28))"2 = a"2 — (10/28)a + (5/28)72 =)
have cl: "(a - (5/2B))"2 = a2 - 10/28a + (5/28)7°2" < -« =
(* wa get 0 <= 2”2 — (10/28)a + (5/28)72 x)
have c2: "0 < a"2 - 10/28a + (5/28) 2" using cl < --- >
(* Multiplying by 28 and simplifying gives 0 <= 28a" 2 - lﬂa + (25/28) *)
have c3: "0 < 28a"2 - 10a + 28((5/28)"2)" using c2 < -
have c4: "0 < 28a"2 - 10a + 28((5/28)«(5/28))" usmg‘ c3 c:: - >
have c¢5: "0 < 28a"2 - 10a + (25/28)" using c4 < p
(* Since 25/28 < 1, the result follows. =*)
?thesisusing c5 < -+ >

Autoformalization

ged
ged

?thesis < -+« >




Natural Language

Informal Statement

Formal Language

Formal Statement —

LLM

1 Autoformalization

LLM

—

Autoformalization with LLMs

Formal Reasoning

Informal Reasoning

—

Proof Assistant

L]




Target Properties of Autoformalization

In general, methods tend to optimize for:

Syntactic Correctness
Ensure that generated formalizations are accepted by the target formal environment.

Semantic Preservation
Maintain the intended meaning despite implicit assumptions and non-standard notations.

Grounding Maximization
Whenever possible, link new statements to existing formalizations and mathematical libraries.



Semantic Preservation

Definition of Bradley-Terry model: Given a
pair of items ¢ and 7 drawn from some population,
the Bradley—Terry model estimates the probability
that the pairwise comparison turns out true, as

Di

Pr(z > j) =
(> ) ey

where p; 1s a positive real-valued score assigned to

individual 7.

theory test

imports Main

begin

definition bradley_terry :: "real = real
= real” where "bradley_terry p_i p_j =

p_1 / (p_i + p_J)"
end

An example of using GPT-40 in a zero-shot
setting to formalize the definition of Bradley-
Terry model.

The term “probability” does not appear in the
formal code.
1. The phrase “p_i” is a positive real number”
IS omitted.
2. The formalization should represent “i>j”.

These mismatches highlight the importance of

maintaining semantics in the informal
mathematics during autoformalization.

(Zhang et al., 2025)



https://aclanthology.org/2025.emnlp-main.90/

Grounding Maximization

Definition of Bradley-Terry model: Given a
pair of items ¢ and 7 drawn from some population,
the Bradley—Terry model estimates the probability
that the pairwise comparison turns out true, as

Pi

Pr(z > j) =
(> ) ey

where p; 1s a positive real-valued score assigned to

individual 2.

theory test

imports Main

begin

definition bradley_terry :: "real = real
= real” where "bradley_terry p_i p_j =

p_1 / (p_i + p_J)"
end

“import Main” does not contain the
formalization of “real”, making the formal code
invalid.

Change the imports to “HOL.Real” solves the
problem.

This failure to identify the correct
preambles exposes limitations in the
autoformalization capabilities of LLMs.

(Zhang et al., 2025)



https://aclanthology.org/2025.emnlp-main.90/

Grounding Maximization

Archive of Formal Proofs (AFP)

(800+ peer-reviewed sessions, 150K+ theorems)

HOL-Analysis HOL-Probability HOL-Algebra

(Topology, Calculus) (Measure theory, Random variables) ~ (Groups, rings, category theory)

Complex_Main
(Continuous Math: Real R, Complex C, Transcendental, exp, sin)

Main
(Discrete Math: Logic, Sets, Nat, Int, Map)

Isabelle/Pure
(Meta-Logic, 2nd-order lambda-calculus)




Recurring Methodological Paradigms

Iterative Refinement
Leverage expert feedback to iteratively improve formalizations.

Retrieval-Augmented Approaches
Retrieve relevant definitions, theorems, and dependencies from formal libraries.

Search & Ranking
Generate multiple candidate formalizations and select the best candidate.



Iterative Refinement

.

“Every continuous
function on a closed

interval is bounded.”

Candidate
Formalization

J

LLM

=
—

Feedback

Proof Assistant




Iterative Refinement

Decomposes statements into components and uses symbolic validation feedback to
improve formalization.

/—Eemi-Formalizad Etructure\ / Formalized Structure \
/ Informal Statement \ /

I. Formal Statement \
. ) P "premisas™ [ T ' "premises": [ W )
Lina WY and 52 intersect at X, TV and o S (RN “W and ¥ are dislinct points on line Wy®, A by “distinctPointsOnLine W ¥ WY*, o ST theoram theoram_1: ¥ (WY SZTWVX
S5Z ints 5, U, X, Z A kad "5 and Z are distingt points on line S2°, R “distinctPointsOnLine § Z $2°, o Y. U : Point) (WY 3Z TV : Line),
are|collinear and ordered. |The points T, LY " and ¥ are distinct points on line TV, et al “distinctPaintsOnLine TV TV, e & distinctPaointsOnLine W Y WY A
W are on one sida of ine SZ. The points The distinct lines WY and S intersect “woDistinciLinesintersect&tPoint
W, ¥ are on the other side of line SZ. — a EI_E"'_I': c:Ci;.ﬁnnt Bae TV v B ket —_— WY SZ X", — | sequentiallyAligned [SU X Z] A |
, Decomposition int U* Formalization “twoDistinctLinesintersectAtPoint Composition twoSelsOpposingSidesUnLine
Given £ U X W and £ T U X are “The distinct points 5, U, X, Z are mllmear] TV SZ L7 [TWIV Y] SZ A
supplementary, Complete the proof that and ordered in this saguence from S to Z°, [ "saquentiallyAligned [S U X Z]7, ] supplementaryAngles U X W T LU X —
WY I TV "The: points T and VW are on the opposite -1W05EtEDDFUEIHQ3IdEEDHLIHE parallal WY TV =
‘/ side of  and ¥ with respect 1o line SZ°, [T'W] [V ¥] 52° /
"The angles « UXW and £ TUX are - H
supplementary” _ supplementaryfngles U X W T U X
*conclusions™ [ "conclusions" [
"The lines WY and TV are parallal” “parallel Wiy TV

N -/ N J @

(b)

Phase Il: Statement Formalization via Decomposition and Self-Refine

(Min et al., 2026)



https://proceedings.iclr.cc/paper_files/paper/2026/file/9f94298bac4668db4dc77ddb0a244301-Paper-Conference.pdf

Iterative Refinement ,
(Min et al., 2026)

Model LeanEuclidPlus ProofNet-Hard

Baseline Divide Abstract DNA OracleA DNOracleA Baseline Divide Abstract DNA OracleA DNOracleA

Fine-tuned Models
Kimina Autoformalizer 7B 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 8.4 1.1 8.4 74
Mathesis Autoformalizer 7B 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 53 53 7.4 5.3
Non-Reasoning Models
GPT-4.1 mini 4.8 254 6.2 424 1783x 3.0 48.8 19.17x 0.0 0.0 53 7.4 10,5 13.7
GPT-4.1 26.8 35.2 28.6 48.4 180.6% 342 61.2 11.28x 0.0 0.0 0.0 10.5 14.7 23.2
B s e
Qwen3I14B 10 50 48 96 1860x 30 134 11240 00 00 1.1 32 00 00
Qwen3 32B 4.6 17.7 4.0 20.6 13.48x 9.2 264 T4.74x 0.0 0.0 1.1 4.2 5.3 42
Qwen3 235B Instruct 2507 40.8 43.6 454 64.4 157.8% 354 71.4 175.0% 0.0 0.0 1.1 9.5 2.1 16.8
Average 18.7 28.9 209 40.6 T1.17x 23.6 469 T1.51x 0.0 0.0 39 7.9 7.6 13.9
Reasoning Models

GPT-5 mini 258 32.0 47.2 58.2 11.26x 58.0 71.2 11.76x 0.0 0.0 84 10.5 19.0 22.1
GPT-5 354 37.0 53.2 558 157.6% 60.2 684 193.2% 0.0 0.0 12.6 158 12.6 28.4
e unnct(Thmkmg] ......... b Gsa bo e 08 e T%w ............. R R G e 05 05
chni’: B {Thmkmg} ....... sea e ms BE TR T PR S R i o P R
Qwen3 32B (Thinking) 29.6 31.6 394 40.8 T37.8% 46.8 58.2 196.6% 0.0 0.0 2.1 2.1 8.4 14.7
Qwen3 235B Thinking 2507 40.2 454 41.6 55.6 138.3% 584 704 175.1% 0.0 0.0 53 53 0.5 19.0

Average 315 36.5 429 511 162.2% 429 64.0 T1.03x 0.0 0.0 6.8 7.9 10.7 20.7



https://proceedings.iclr.cc/paper_files/paper/2026/file/9f94298bac4668db4dc77ddb0a244301-Paper-Conference.pdf

Iterative Refinement

.

“Every continuous
function on a closed
interval is bounded.”

Candidate
Formalization

J

LLM

—
—

Feedback

I/ -

Proof Assistant

(Hard Critique)

S

LLM Judges

(Soft Critique)




Iterative Refinement

number x, let (z) denote the
ractional part of z; that is,
(z) =z — |z], where |z]
denotes the greatest integer
|less than or equal to .
Suppose that a is positive,
(™) = (a%), and

2 < a® < 3. Find the value
of a'? — 144a'. Show that
I'lt is 233.

\:Eiven a nonnegative real

import Mathlib
open BigOperators Real Nat
Topology
theorem aimell_2001_p4
(a:R)
(ha_pos:a=>0)
(ha_inv_frac_eq_sq: (a™ - floor
a') = (a® - floor a?))

a*2-144 *a"' = 233 := sorry

Leand

k 4

-

L.

HardCritiqueAgent

'

A

(ha_sq_range:2<a*Aa*<3):

—P[ SoftCritiqueAgent

GPT-4.1-mini

g

Identified error on
line: 8

~--mErmmor message:
i |unexpected token ",

expected '), " or "’

Feedback
Syntactically

Incorrect
Feedback

- Semantically

The usage is
consistent and all
conditions are
properly encoded as
hypotheses. The
formal code is well-
aligned with the
intended semantics.

(Zhang et al., 2025)

Qwen2.5-7B

Y

Correct
L { FormalRefinementAgent } -------- :

- o[lnformatRaﬂnamnlﬁganl

-~

Qwen2.5-7B

Syntactically

Semantically
Correct

import Mathlib
open BigOperators Real Nat
Topology
theorem aimell_2001_p4
(a:R)
(ha_pos:a=0)
(ha_inv_frac_eq_sq: (a” - floor
a') = (a"2 - floor a*2))
(ha_sgq_range:2<a"2na*2<
3) :

aM2-144 " a"' = 233 ;= somy



https://aclanthology.org/2025.emnlp-demos.44/

Retrieval-Augmented Approaches

Mathematical
Libraries

Similar
Examples

=
==

o

“Every continuous
function on a closed

interval is bounded.”

~N

J/

N

—>

Candidate
Formalization

LLM

—
—

Feedback

-

~

Proof Assistant
(Hard Critique)

\

J

-

\S

LLM Judges
(Soft Critique)

~

J




Retrieval-Augmented Approaches

Knowledge Base KB

Math Library

t

NL Statement
s ="Adding a positive integer increases integers."

¥
Prompt pauto *-( LLM }*
| 7

/o

Generated Formal Statement fu(s)
lemma (in int0) Int_ZF 2 L12C: assumes Al: "n € N"
shows "t < i+#n"

\ > Riricval
é : Ul g —> Exemplars {s;,¢;},
emts

[

\

Prompt pgen ]

I—l ;
{
|

LLM

l

(Note: In the Isabelle/ZF version, | assumed "i" to be an

integer since the natural language version mentioned
"adding a positive integer increases integers” and the
fnddition operation is defined for integers in Isabelle/ZF.)

Most-Similar Retreival Augmented Generation

(Zhang et al., 2024)

Generated Formal Statement d(s)

lemma (in int0) Int_ZF 2 L12C: assumes Al:

"n € N" shows "i < i+#n"

Prompt pesr

l_l

—I k:=k+1
First Error Message e,

Prompt-Based Denoising

RN )
 LLM |

2
Has Error

Generated Formal Statement gi(s)

 |90(8) = d(3) Theorem Prover lemma (in int0) Int_ZF 2 L12C: assumes Al:
: " ‘L L3 2 -
: ) TP n € N" shows "i < i4+#n

No Error

Auto-Correction with Syntax Error Feedback
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Retrieval-Augmented Approaches

LLM Method BLEU-2 ChrF RUBY CBS  Pass

Baselines

Mistral Zero-Shot 0.30 17.14 16.13 51.13 0.0

Mistral 3-Shot 1.77 27.30 2402 6273 547

Llemma 7B Zero-Shot 0.91 16.67 1477 47.74 9.12

Llemma 7B 3-Shot 243 28.81 2193 66.68 B.70

Mixtral Zero-Shot 0.65 1633 17.97 51.07 0.36 Rerrieval Augmented Auwtoformalization

Mixtral 3-Shot 537 30,53 2851 62.86 1.09 Mistral Query: T Index: T 1005 51.38 4482 7693 21.53

GPT-3.5-Turbo  Zero-Shot 2.15 17.81 2193 51.69 4051 Mistral Query: T Index: T+S 9.96 50.79 4392 76.21 19.71

GPT-3.5-Turbo  3-Shot 1423 3795 3913 67.26 38.69 Mistral Query: T Index: I+8 5.65 3692 3223 6747 8.6
Mistral Query: T Index: T+I+5 10,53 4961 4328 7517 2226
Mistral Query: T+ZS Index: T 10.14  46.89 40.76 73.69 12.77
Mistral Query: T+ZS Index: T+8 5.40 46.26 3991 7340 1496
Mistral Query: T+Z5 Index: I+5 5.51 36,71 3194 6691 10935
Mistral Query: T+ZS Index: T+I+5 8.85 45,14 3927 7247 16.06
Llemma 7B Query: T Index: T 4.18 3693 2868 6993 12.77
Llemma 7B Query: T Index: T+5 4.61 3748 2939 6956 14.23
GPT-3.5-Turbo  Query: T Index: T 3632 59.63 5851 79.14 64.60
GPT-3.5-Turbo  Query: T Index: T+58 37.11 58.56 5771 78.89 62.77

(Zhang et al., 2024)
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Retrieval-Augmented Approaches

[

Informal Statement
Prove that if $|G|=2907$ then $G$ is not simple.

Dense Embedding
-6 e —

Mathlib 4

Encoder ‘ ’ ’ 3

Formal Data

|
|class Group (G: Type u) extends DivInvMonoid:

|Type u..

Istructure_field Monoid.npow: N =+ M -+ M.
lclass DivInvMonoid (G: Type u) extends
IMonoid, Inv..

:class Div (a: Type u): Type u..

Informalizations

I
I:Class(}ruxu)represents [?] .

I

| Function Monoid.npow takes a natural number and...
||Class DivinvMonoid represents the concept of ...

I1Class Div represents the concept of division, which is a...

Encoder

X

ArgMax
Cosine
Similarity

o Group Class *Group'
! Dependencies: m 4monaid
) 4 DivinvMonold: Class DivinvMonoid | |
7 ""1/""“"'3 7 , represents ... AR .
= S_8 _ i Tevsghecsole M e claration:
' """‘“ L e class Group ...
& e - Code: e
| class Group (G : Type u)
Ma!
i ; - Comment: Informalizer
(DTopological Informalize sty

Group

(3)Retrieve Fintype

(@)Generate

Autofon;malizer

-~ IsSimpleGroup G

Formal Statement

theorem thm_Q {G :
[Fintype G] (h_G :

Type u_1} [Group G]
Fintype.card G = 2907) :
:= by sorry

(Liu et al, 2025)
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Search & Ranking

Mathematical
Libraries

Examples

~__
—
Similar U
—

1N

“Every continuous

function on a closed

interval is bounded.”

J/

N

—

Search
Process

P

Candidate
Formalizations

\

LLM

Feedback

Proof Assistant
(Hard Critique)

~\

J

i
= |

LLM Judges
(Soft Critique)

J




Search & Ranking

Ranks candidate formal statements using symbolic equivalence (via equivalence class
determined by ATP) and semantic consistency (via backtranslation and similarity).

Me}thematical statement
in natural language

"Find the product of

——-: Autoformalize
== > : Informalize
< =p . Symbolic equivalence

= == 3 : Scoring and output

0.\overline{6} and 6. o —
The answer is 4." ( N I
---------------------------- D-A’

Formalization Informalization
(0 e o 0 0 0 o ' R N e~ e = 3
e O O 0 O 0 O O ! PR SR RSP p—— AR R — .
'.L.UJQQBPHL ------------------ 1 : E E-_' Le SV ST had.ansi b :
i [ o i!
i theorem [ ! v et Wi e 3 i
i fixes x y ::real i - ; il
| assumes "x = 2/3" g,' =~ i : D
1 and " = 6" H 1 ]
By A oL
: ..... T S J A ——— -’J

0"

9
S

o-©

Symbolic Equivalence

Semantic consistency

(Li et al., 2024)

Mathematical statement
in_formal language

e A o i H
! theorem i
i fixes x y ::real !
! assumes "x = 2/3" i
E and "y = 6" i
! shows "x *y = 4"

6 s o e v 0 0 0 0 0 0 5 0 e 0 o
(e m . ———————————— 1
{ theorem ;
i fixes a b ::real :
| assumes “a = 2/3" E
: "

1

]

)
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60

50

[
=

Itk (%) accuracy

S

Search & Ranking

Ranks candidate formal statements using symbolic equivalence (via equivalence class
determined by ATP) and semantic consistency (via backtranslation and similarity).

£
=

fad
=

50
43.6
o 194 [ SemCo . Al
Py 457 4 : " ﬁ-‘-l-ﬁ.l . 453 :».4[} 1 SymEqg - 16. 50 .
- il4 18 6 - 19,5720 2 3 Log-comb 11" oo 348
i T L el
34 3 30 27628dz= 2]
26.7 - A e
2 20.5
22.0 3:’2[]' 18.0 -
= 14.5
®
10 1.5
Mistral-7TB  Llemma-34B  DeepSeek-v2 Codex GPT-4 0 Mistral-7B  Llemma-34B DeepSeek-v2 Codex GPT-4

(Li et al., 2024)
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Combining Multiple Paradigms

{} Informal (Zhang et al., 2025)
1

Statement
JSON

+/S

Refinement

Autoformalization

*Ref LLM [ LLM

Formal Grounding Critique, Feedback

Formal Libraries

R Proof
Assistant
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Combining Multiple Paradigms

miniF2F

Def_Wiki

Def ArXiv

1. Suppose that secx +

tanr = ?2 and that
cscx + cotx = %,
where & is in lowest

terms. Fir;ld m + n. Show
that it is 044,

2. What is the sum of the
two values of x for which
(z + 3)* = 121? Show
that it is -6.

3. The product of two
positive whole numbers is
2005. If neither number is
1, what is the sum of the
two numbers? Show that
it is 406.

4. The expression 10z° —
x — 24 can be written
as (Az — 8)(Bxz + 3),
where A and B are inte-
gers. What is AB + B?
Show that it is 12.

I. Definition of Rademacher Complexity:
Given a set A C R™, the Rademacher
complexity of A is defined as follows:

T
E il
i=1

where o1,02,...,0, are 1ndepen-
dent random variables drawn from

Rad(A) := iﬂﬂa [5111}

ae A

the Rademacher distribution (i.e.
Pr(c; = +1) = Pr(o; = —1) = 1/2
for 1 = 1.,2,...,m), and
a=(a,...,am).

2. Definition of Polynomial Ker-
nel: For degree-d polynomials, the
polynomial kernel is defined as

K(x,y) = (x"y + ¢)* where x and y
are vectors of size n in the input space,
1.e. vectors of features computed from
training or test samples and ¢ > 0 is a
free parameter trading off the influence
of higher-order versus lower-order terms
in the polynomial.

B~

Wikipedia

1. Definition of Covering Numbei I[__Ii;j =>

space (S p). and a subset S C |

subset S of S is a e-cover of .5‘, if
such that p(3, §) < e. The e-cov

S is
N(S,p)

2. Definition of Trimmed Mean: Consider n
, A, of a heavy-tailed random vari-
able X such that E[X] = pu, E[X'"¢] < u for
some € € (0, 1]. The online trimmed mean, for

copies X1, ...

= min{|(§'| - Sis an e

some § € (0, 1) is defined as

ZXI

i=1

{'X"““‘(lngé )

Arxiv

1. Definition of Covering Nesober: Given a metric wpace (S, o),
ol asubnet S C S, we say that a subseet S of S is 2 e cover of
S. YA€ S.34 € Ssxhihat p(4, 3) < «. The ecomring
number of S i

Nu(8,p) = min([8] : 8 insneconringof $}

2. Definition of Trimmed Mesn: Consider 1 copies X g, ..o Xy
of & heavytailed rasdom varable X sch tha E[X]

W EIXITE) < yforwomc € € (0, 1) The online trismod
moan, for some & € (0, 1) s defined

- \ i

oo ut s

4 - ¥ xad1x < (7777 — <
"o = .. . ‘ 1 X4l ” I)

(2) Definition Grounding

(Zhang et al., 2025)

14=

{3) Cringue, Feodback

;

} |
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Combining Multiple Paradigms

Real-world definitions define a challenging frontier. However, existing
strategies yeld notable improvements.

SR Poss-FING Post-FIMi+5R SR Post-FIMG Poss-FIMG+5R ~ SR Post-FIXG Posd-FIMG+5R
50) 40 50
40
Al 3
- — _ 30
'._EE ki {_ 20 Ef_ 0
-E; 20 % 10 % 10
St St L n
1 (1]
=1k
v o -20
I Overall  SYN UDF TUF 2 Sverall  SYN UDF TUF S Overall  SYN UDF TUF
(a) ZS on miniF2F (b) ZS on Def_Wiki (c) ZS on Def_ArXiv
] S0 [l
SR Poss-FING Post-FIMi+5R SR Posa-FIMG Post-FIMG+5R . SR Post-FIHG Posa-FIDMG+5K
50) 40 30
40
Al L]
- — _ 30
::i 30 i_ 20 @E 1
E 20 E 10 g\
4] = =0
1 1]
=1k
0 -0 20
I Overnall  SYN UDF TUF N Overall  SYN UDF TUF S Overall  SYN UDF TUF

(d) ZS+Detailed on miniF2F  (e) ZS+Detailed on Def_Wiki (f) ZS+Detailed on Def_ArXiv

(Zhang et al., 2025)
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Method Trade-offs: No Universal Winner

Retrieval-Augmented Grounds outputs in formal libraries; reduces Depends on retrieval quality and library

Approaches missing or invented dependencies; requires coverage; irrelevant context may mislead
no retraining. generation.

Iterative Refinement Uses verifier or semantic feedback to repair Repeated calls raise computational cost;
errors; improves syntactic validity through syntactic fixes may introduce semantic
repeated attempts. drift.

Search & Ranking Explores alternative formalizations; Candidate generation and scoring are
selection can consider both correctness costly; unreliable ranking may select wrong

and semantic fidelity. statements.



Key Takeaways

Complementary methods: Different approaches address distinct challenges and
can be combined rather than treated as competing alternatives.

Hybrid systems: Modern autoformalization systems often integrate multiple
techniques (e.g., RAG + iterative refinement).

Multi-dimensional improvements: Combining methods can improve grounding,
syntactic correctness, and semantic preservation, but gains in one dimension do
not guarantee gains in others.

Remaining challenges: Hybrid systems introduce additional computational costs
and complexity. Formalising real-world mathematical statements is very hard.
Obtaining high-quality data is a major challenge (mostly rely on synthetic data).



( Natural Language )

Informal Statement —> LLM —> Informal Reasoning

1 Autoformalization

4 )
\ Formal Language )

r 3 7 3 r 3 7

Proof Assistant
Formal Statement | — LLM —» | Formal Reasoning | —»

From Auformalization to Formal Mathematical Reasoning



Autoformalization and Expert Iteration
(Lin et al., 2025)

Formal and Informal (F-1) statement pair

Informal Letla,- !f,.- and ¢ be real numbers that

tabement satisfying 3a+b+ec==-3, a+3b+c=9, and

statement | 2+ b+3c=19. Prove that the preduct
abe = = 56,

1.64 million
theoren mathd_algebra 338 {(a b c t R) (he : 5 % a ¢« h & c =

Formal =3 hes : a3 #« 3 = # C = 3 by 1 @ + + T ace= 19) 1 &
- statement -tl ia; = =56 1m I:: b " :l fOrmal
statements

Whole-Proof Generation on miniF2F (Pass@32) Proof 1
70 3 TheoremLamma Proof 2
[ Deepseek-Prover-v1
65 [ Deepseek-Prover-vi.5-SFT Proof 3
[ Deepseek-Prover-v1.5-RL 60.3% 60.5%
AGO [ZZ Goedel-Prover-SFT 57.6%
2 Bl Goedel-Prover-DPO
;’ 55 Goedel-Prover-RL
o
c 0, 500%
g 50 T 49.0% "-ﬂ_"
$ 6.1% Iterating
$ 45
40
35 33.6% Proot 3
30 | I

Models :


https://arxiv.org/pdf/2502.07640

Combining Informal and Formal Reasoning for Large-Scale

RL

DeepSeek-Prover-V2:

Stage 1:

Stage 2:

DeepSeek-V3 drafts informal
natural-language sketches and
autoformalizes them into Lean
subgoals.

A small fine-tuned 7B model

proves each individual subgoal.

Stitches the informal thoughts
and verified formal steps into
unified end-to-end proofs.

Fine-tunes the a 671B MoE on
these trajectories and then use
RL with Lean kernel feedback.

-:.. chain-of.

Show that for any integer n > 4, we have n? < nl.

theorem induction_ineq_nsqlefactn (n: N) (ho:4<nj:inA2<n ! = sorry

Understanding the Problem
We need to show that for any integer n = 4, the inequality n? < n! holds. Here,

n! denotes the factorial of n. which is the product of all positive integers up to n.

Proof Sketch

To prove this formally, we can use mathematical induction. Here's how the
induction would work:

1. Base Case: Verify the incquality for n = 4.

2. Inductive Step: Assume the inequality holds for some k = 4, i.e., k* < k!
Then show that it holds for k + 1, ie., (k + 1)* < (k + 1!

thought by DeepSerk-V3

Lean 4 Proof Structure

theorem induction_ineq_nsqlefactn (n: N) (ho:4<n):nA2<sn!:=by
have base_case:4 A2 <4 ! := by
Orry
B have inductive_step: V k24, kA2<k!D (k+1)A2<(k+1)!:=by

SOrry
‘ Y

have final_proof: ¥ n24,nA2<nl:=by

£ Recursively Solve Subgoals by DeepSeek-Prover-V2-7B

emma inductive_step (n: N) (ho: 4 <n) (base_case: 47 2<4 1)
tVk24,kA25skl > (k+1)A25(k+1)]:=by

orry

Synthesize into Complete Formal Proofs

theorem induction_ineq_nsqlefactn (n: N) (ho:4<sn):nA2<nl:=by
have base_case:4 A2 <41:=by
simp [Nat.factorial
B4 have inductive_step: V k24, kA2<sk! > (k+1)A2<s(k+1)!:=by
intro k hy h;
simp_all [Nat.factorial)
nlinarith
have final_proof : YV n24,nA2sn!:=by
intron hn
induction' hn with k hk
case refl => exact base_case
case step =>
apply inductive_step k hk
exact by assumption

apply final_proof
exact ho

(Ren et al., 2025)
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Toward Self-Play LLM Theorem Provers

Step 1: Conjecturing Step 2: Proving (sampling)
Given a seed statement and proof, Given a statement or a conjecture,
generate a related conjecture. generate its proof
- _$+ d
statement proof |—>»| conjecture JI I stmt./conj. |=—>| proof JJ l
T e——————" y
Step 5: LLM training ; Existing dataset w/o proofs: statement i
Step 4: Preparing training data (assigning reward) Step 3: Verifying proofs
Conjecturer dataset Prover dataset
statement proof |=—>| conjecture JJ stmt./conj. |=—>| proof JJ B
Conjectures from Step 1 that (a) are Proofs from Step 2 that
proved with low but non-zero probability, are verified, nontrivial,
and (b) pass the elegancy filters. and de-duplicated.

(Dong et al, 2025)
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Toward Self-Play LLM Theorem Provers

Cumulative pass rate
- NDONON NN
[ o N B o

i
=)}

Training performance on LeanWorkbook

—— STP (Ours)
—— Expert iteration
—— Parallel sampling

100m 150m 200m 250m
Training compute

(#generated proofs)

Edm

Fds>> ndlLe

50-

o)
o

un
L

miniF2F-test
.
-'.."...'..‘}'..
II"E"...F
i Lt
E_ﬂ.ﬂ" #F’E#‘_.-
L R
#H¥,:‘" _‘H,-rﬂfﬂ
.-%"" __.---777 -~ STP (Ours)
'i"':gﬂ"f' --+- DeepSeek-Prover-V1.5-SFT
[ 2 --+- DeepSeek-ProverV1.5-RL
10° 10° 10* 10°

Inference-time compute
(#generated proofs)

(Dong et al, 2025)
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Takeaways

® Informal-formal synergy: SOTA models succeed by drafting informal proof sketches

and autoformalizing them into verifiable subgoals.
® Scalable Environment: feeback from proof assistants and theorem provers provide
verifiable rewards that unlock scalable RL and Expert Iteration.

Persisting challenges:

® Compute, data & search bottlenecks: Proving deep theorems suffers from massive
sample rejection rates and exponential search spaces.
® Prover overspecialisation: Heavy community focus on Lean 4 limits generalization

and cross-system transfer (Isabelle, Coq).
® Adaptability & abstraction: Models struggle to efficiently adapt to new formal
languages and generalise effectively across domains.



I— Evaluation



Two Axes: Syntactic Validity # Semantic Alignment

SYNTACTIC VALIDITY SEMANTIC ALIGNMENT

Does the generated formalization
preserve the intended
mathematical meaning of the
informal source?

Is the formalization well-formed
and accepted by the target
theorem prover?

Parsing - Elaboration - Type Checking Quantifiers - Hypotheses - Objects
Verified Proof (when required) Implicit Assumptions - Library Grounding

A theorem prover verifies syntactic validity, not semantic alighment. Even a
fully verified theorem may formalize the wrong mathematical claim.




Why Syntactic Validity Is Not Enough

Informal source Correct statement (Lean-style)
For every real x, X° is nonnegative. theorem sgq_nonneg (x: R):0<sx " 2 :=by
sorry
Correctly compiled statement Teaching point
theoremwrong (x:R):0<x” 2 := by The formalization can parse and elaborate,
sorry however, at x =0 it is false. Compilation of

a statement alone does not establish
semantic alignment.



Why Syntactic Validity Is Not Enough

Informal source

Every natural number has a greater
natural number.

Correctly compiled formalization

theoremexample:Vn:N,Im:N, m=
n:= by

intro n

exact {n, le_refl n)

Correct formalization (Lean-style)

theoremexample:Vn:N,am: N, m>n:=
by

intro n

exact<{n + 1, by omega)

Teaching point

The formalization replaces strict inequality
(>) with non-strict inequality (=), thereby

weakening the original mathematical claim.
It becomes trivial.



Can We Fool Lean into Accepting an Unverified Proof?

Proof Placeholders: Use “sorry” or “admit” to bypass unfinished proof obligations.
Unproven Axioms: Introduce assumptions without proving them.

Hidden Dependencies: Rely on previously established theorems containing unverified
assumptions.

Inconsistent Axioms: Introduce contradictory assumptions, making arbitrary
conclusions derivable.

Trusted Computation: Rely on external or native computation, extending the trusted
computing base.

Verification Infrastructure: Exploit bugs or weaknesses in trusted components, such
as the kernel or checker.



Evaluation Taxonomy for Mathematical Autoformalization

/ \ / Semantic Alignment \

Syntactic Validity
/ \ i / \
™y 4 ™ r/ ) "/ q\'
Compilation / : : Reference-Based Reference-Free
Pass Rate Errpr Dlagnnslls Evaluation Evaluation
, Failure analysis
Verified by theorem and categorization
provers g g ) » Overlap / code metrics » Back-translation
L* ATP-based equivalence » Alignment models
“ | «LLM-as-a-Judge
. N J
Reference-free and automatically checkable, Harder to assess directly because multiple semantically

\ but often coarse-grained. / \ equivalent formalizations may exist. /




Compilation / Pass Rate

Measures the proportion of generated formalizations accepted by the theorem prover. For
statement autoformalization, this usually means successful elaboration and type checking;
for proof autoformalization, it additionally requires formal proof verification.

Representative studies:
Ying et al. (2024) — Lean Workbook: Introduces Compile Pass Number (CPN) for evaluating
Lean 4 statement formalizations.

Zhang et al. (2024) — Consistent Autoformalization: Evaluates syntactic correctness in
Isabelle/ZF and investigates compiler-feedback correction.

Lu et al. (2024) — Process-Driven Autoformalization: Uses Lean 4 compiler feedback in
evaluating and improving statement and proof formalization.

Coarse-grained: it distinguishes accepted from rejected outputs but provides limited
information about the nature or severity of failures.



Error Analysis / Diagnosis

Uses Isabelle diagnostic feedback to categorize errors in automatically generated formal
mathematical definitions, revealing different classes of syntactic failures that can be used

to guide refinement. Cogoty  RE&OE

SYN 1. Invalid Symbol Format. Isabelle uses symbols like “\<Rightarrow>" to represent “\Rightarrow (=-)" in
LaTeX. GPT-40 does not strictly follow this behaviour. A symbol in its formalized code starting with “\<”
can miss “>" at the end so that the relevant symbol is not valid.

2. Confusion of Mapping between LaTeX Mathematical Symbols and Isabelle Symbols. Not all natural
language symbols in LaTeX have a similar corresponding version in Isabelle symbols. In natural language
mathematics we use different mathematical fonts such as “\mathcal (A)” to distinguish items. Isabelle uses
“\<A>" to represent this LaTeX symbol. However, GPT-40 would pretend the existence of a symbol named
\<mathcal> and use it for autoformalization.

3. Unaware of Name Conflict. Some keywords such as “instance™ are reserved by Isabelle/HOL and they
cannot be used as the name of a new item.

4. Incorrect Stylistic Usage of Symbols or Operators. Some symbols or operators require specific usage
which is not in the same style as in natural language. The incorrect usage of them in formalized code generated
by GPT-40 can lead to syntax errors.

UDF 1. Items not defined. Formalization requires every mentioned item to be clearly defined in the local context
or preambles. During autoformalization, GPT-40 could refer to items that are not defined in both sources.

TUF 1. Mismatch between Types in Definition and Types in Actual Usage. There are some operators or
functions which have been clearly defined about the types of their operands or parameters. When using these
operators or functions, the types of actual operands or parameters need to match the types in the definitions
exactly. GPT-40 would produce mismatched types in the formalized codes and introduce TUF errors.

Autoformalization in the Wild: Assessing LLMs on Real-World Mathematical Definitions, Zhang et al., 2025
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Human Evaluation

Human experts assess whether generated formalizations faithfully preserve the intended
mathematical meaning of the informal source.

Representative studies:
Wu et al. (2022) — Autoformalization with Large Language Models: Manually evaluates 150
generated formalizations, identifying correct translations and categorizing errors.

Gao et al. (2025) — Herald: Human experts classify generated formalizations as correct,
containing minor errors, or containing major errors.

Ying et al. (2024) — Lean Workbook: Uses human inspection to assess the quality of
generated formalizations and identify translation errors.

Limitation: Human evaluation is expensive, difficult to scale, and potentially subjective.



n-gram / Code Similarity Metrics

Evaluate generated formalizations by measuring textual or structural similarity to reference
formalizations, using existing n-gram and code metrics.

Representative studies:

Wu et al. (2022) — Autoformalization with Large Language Models: Uses BLEU to compare
generated formalizations with reference statements.

Zhang et al. (2024) — Consistent Autoformalization for Constructing Mathematical
Libraries: Applies BLEU, ChrF, RUBY, CodeBERTScore to evaluate generated Isabelle/ZF
formalizations against references.

Limitation: Syntactically different formalizations may express the same mathematical
meaning, while superficially similar formalizations may differ in important details.



ATP-Based Equivalence Checking

Uses symbolic equivalence checking to evaluate whether generated formalizations are
equivalent to each other.

Definition 1 (Symbolic equivalence) Let two mathematical statements V1 and Vo in formal lan-
guage be expressed as P1 — Qp and Py — Qs, and suppose their premises P, and Py are

not tautologies. Then, the two statements are called symbolically equivalent if the two logical
equivalences, i.e., P, = Po and Q1 = Qs, both hold.

The two logical equivalences induced by the symbolic equivalence can be determined through existing
automated theorem provers (ATPs). Additionally, the validity of the premises can also be checked by
replacing the conclusion Q with a contradictory result (e.g., 0 = 1) and verifying P — Q. If this
vacuous form can be proved, then the corresponding premise P is a contradiction.

Autoformalizing Mathematical Statements by Symbolic Equivalence and Semantic Consistency, Li et al., 2024



https://www.proceedings.com/079017-1697.html

ATP-Based Equivalence Checking

Introduces BEqQ, an automated equivalence-based metric for evaluating formal statements

against references.

Statement sp

: Type*} [Group G]

: Fintype.card G % 2 = @)
:G,a#1laAana=a

theorem sP {G
[Fintype G] (h
3 a

Bidirectional Extended Definitional Equivalence

[

Unidirectional Definitional Implication
A —
SpeuSp &< Sp~p T(Sq | Sp, R)

Sp~BSQ

Statement s
theorem sQ {G : Type*} [Group G]
[Fintype G] (hG2 : Even (card G))
:3(a:G), a#lAana=a

theorem sQ {G :
G] (hG2 :
3 (a
sQrry

Type*} [Group G] [Fintype
Even (card G)) :

:G), a#1laAaa=a"? := by

theorem sP {G : Type*} [Group G] [Fintype

R (tactics)

exact
exact?
have

Rethinking and Improving Autoformalization, Liu et al., 2025

G] (h : Fintype.card G % 2 = 8) :
Ja:6G,a#1aa=a"1:= by -
— ‘
S T T ST | J
have hG : Even (card G) := by exact? {~L_,/”
| exact sQ hG | T(sq | se, R)
________________ |


https://openreview.net/forum?id=hUb2At2DsQ

Theorem Prover Tactics

Introduces BEqg+, using theorem-prover tactics to improve equivalence evaluation and
investigate reference reliability.

Input: Theorem formalizations ¢, and {2
Output: Whether £2 can be derived from ¢,
I. Run BEq,.
if exact? closes proof by using ¢; then
return TRUE
2. Leverage conclusion matching
if apply t_1orconvert t_1 succeeds then
Proving t, assumptions can be derived from 1
if repeated applications of tauto, simp_all_arith!,
noncomm_ring, or exact? close proof then
return TRUE
3. Attempt direct assumption of t,
if have : goal(t_1) := by apply_rules [t_1] suc-
ceeds then
if repeated applications of tauto, simp_all_arith!,
noncomm_ring, or exact? close the subproof introduced
by have then
if repeated applications of tauto, simp_all_arith!,
or exact? using this close the main proof then
return TRUE
return FALSE

Reliable Evaluation and Benchmarks for Statement Autoformalization, Poiroux et al., 2025



https://aclanthology.org/2025.emnlp-main.907/

Syntax Tree Comparison

Introduces a framework for evaluating statement similarity using semantic and structural
information, including syntax-tree comparisons.

§ D £ ™

example :
(V(n:N),n*"2e0-0<n)
TED:ss(v(x: ), X* 2208 +x280)

\
1
2 1
theorem f11 theorea f12 ]
'(n:,): %3 N) s 1 .
N*"2¢«0-+0<n xX*"2=20-+x¢0] /
1 apply ...
; Rty 1 "" Formal Label  Formal Prediction</ /
1
1
1
1
1
1
1
1
1
1
1
1
1
|
1
1
1

\ example (3 : N) :
L%\J \ (a*220 <0< a)
TED:s-(a‘?:e-aua)

l l

]
]
]
]
1
1
1
1
1
]
' Operator Trees
1
1
1
]
1
1
1
1
AY

FL Label

TED=0

l Search completed

\ 7 ‘
Translator; FL

Model l_ Prediction minimum TED

B | Y v ennmio o e - .
Bxl ; l
(a) EPLA Benchmark a (b) TED Similarity & (c) TransTED Similarity

o

Proved / NLE / TLE

\-—-----r------
| |

ASSESS: A Semantic and Structural Evaluation Framework for Statement Similarity, Liu et al., 2026



https://proceedings.iclr.cc/paper_files/paper/2026/file/e85ab050f8b6eb1d6095fba8731842a9-Paper-Conference.pdf

Limitations of Reference-Based Evaluation Methods

Reference Correctness: Ground-truth formalizations may contain errors, even in
established benchmarks (Faults in Our Formal Benchmarking, Ammanamanchi et
al., ICML 2026).

One-to-Many Nature: Multiple syntactically different formalizations may express
the same mathematical meaning. A single reference may therefore underestimate
correctness.

Imperfect Equivalence Estimation: Automatic equivalence checkers may produce
incorrect or inconclusive judgments.

Limited Applicability: Formal equivalence checking generally cannot evaluate
syntactically invalid outputs, even when they preserve much of the intended
meaning.



Back-Translation+tEmbedding Similarity

Evaluates informal-formal consistency by back-translating generated statements and
measuring embedding similarity.

Definition 2 (Semantic consistency) Let the original mathematical statement in natural language
and its formalization candidate be ® and WV, and suppose that \V is further informalized into a new

natural language statement U. Then, the formal statement V is T-semantically consistent with the
original statement ® if the embedding similarity between V and ® satisfies Sim(W, ®) > .

Autoformalizing Mathematical Statements by Symbolic Equivalence and Semantic
Consistency, Li et al., 2024



https://www.proceedings.com/079017-1697.html
https://www.proceedings.com/079017-1697.html

Back-Translation+NLI

Uses back-translation and natural-language inference (NLI) to assess the correspondence

between original statements and generated formalizations. Different studies employ
different NLI models.

3. Back-translation: For statements that pass the validation in step 2, we used InternLM2-
Math-Plus-7B to translate the formal statements back to natural language to assess the
preservation of meaning.

4. NLI check: We use the DeepSeek Chat v2.5 model to compare the back-translated state-

ments with the original informal statements, ensuring that our translations are mathematically
accurate and preserve the intended meaning.

Ying et al. (2024), Gao et al. (2025), Liu et al. (2025d), Lu et al. (2026)



https://www.proceedings.com/079017-3357.html
https://openreview.net/forum?id=Se6MgCtRhz
https://proceedings.neurips.cc/paper_files/paper/2025/file/5159aaee380391c366b27994ed225e4f-Paper-Conference.pdf
https://openreview.net/forum?id=09lmwhDqZ3

Learned Alighment Models

Introduces an automatic alignment evaluator that estimates correspondence between
informal mathematics and generated formalizations.

Natural Language {NL}", Formal Language {FL}",
NLy: % FL;:
“The angle between vector x " . o o  Autoformalization Task
and vector y Is equal to the hm”;:;_,iﬂ 5 EO;.;.J: Al
angle between vector y and ’
vector x.” Cross Entropy Loss (Leog)
| b '
L]
N L]
% Hidden States P »(L)
| '
! e -
E (FLy [NLy) s TAFLINL,) - Z FLy NLy)
— ZNL) FTLy L gy TPl ma e L . '
i Alignment Task
—s i b i i "
Contrastive Loss (L¢y)
3 FelML)
b
b Z,(NLx)

FormalAlign: Automated Alighment Evaluation for Autoformalization, Lu et al., 2025



https://openreview.net/forum?id=B5RrIFMqbe

Learned Alighment Models

Uses a learned critic to assess formalization quality and provide an evaluation signal for
improving mathematical formalization.

1
b §
l'%"'l AutoFormalizer J

EUCCESS or L

Exceeding Max Retries

i —\ Compliation Error Critique Error L
e Natural Language ® P ® q gpa. Lean Formal
= Statements Language Statements
Demonstrate that the number of Verify .@ Verify Q inport Mathlib
permutations
p=(Pis Pzs «-=» P13) - Syntax Checking Semantic meaning variables theorem permutation_count_3@9 :
of the set {1, 2, ..., 13} Name Resolution Common mistake patterns set.ncard {p : Equiv.Perm (Fin 13)
satisfying the condition: Type Checking & elaboration Logical Consistency Checks |
plpi{n)) € {1, 2, ..., n-1} U {n+1} ¥ n: Fin 12, p (p n) € (Icc @ (n
for all n < 13, is exactly 389. \ J - T / - 1)) U {n + 1}} = 389 := by sorry
Provide a combinatorial proof i :
justifying this count. — = . '
Lean “isCriticLeanGPT
r Al
-'ﬁ Cmnplier' % &= The conversion is

assessed as successful.
Here's a step-by-step
explanation ...

CriticLean: Critic-Guided Reinforcement Learning for Mathematical Formalization, Peng et al., 2025



https://arxiv.org/abs/2507.06181
https://arxiv.org/abs/2507.06181
https://arxiv.org/abs/2507.06181

LLM-as-a-Judge

Introduces LeanScorer, which combines multiple assessment signals, including LLM-
based evaluation, to judge generated formalizations.

(" Natural Language Statement B ( Subtasks ) ( Semantic Consistency Labels AW 4 Scoring )
- Conditions: 1.a; = 1:
:x E:ql:ezc;aﬁ:l fa;fs“es “et Subtask t.a; =1 “Math: @, = 1. [ s = Sugeno( |1, L[ [T =075 ]
Prove that: Decomposition=»| 3 v, = l,ap = 3da, +1 -Lean: (ha:al=1).
1 1 " 1 - 3 | - Match:
e Ve 7T TS Conclusion: N Y
\_ 1 o3 o 2 Foralln = 1, the sum of the 2. (ay.q = 3a, + 1]; ° 5 3 es
_ — i 1 3 - Math: ¥n > 1,a,.1 = 3a, + 1.
reciprocals satishes: — <5 -lean: (h:vik:N), k=1 -alk+1)=3 "ak+1).
Autoformalization aj 2 ( ( ) ( ) )

k=1 - Match:
" _/ | Subtask
¥ Evalutation” | > Cra> - pass>

(_ Formal Language Statement ) 3. Conclusion: _ Suggenn Integral Score (4 Subtasks)

-Math:'zf.__, 1/a; < 3/2. 1.0
theorem question_256 (n:N)(a:N-=R)(ha:a1=1)(h:¥V(k: -Lean: ¥ iin Finset.range n, (1/a(i+1))<3/2. asl
N.kz1-a(k+1)=3"ak+1):ZiinFinsetrangen, (1/a(i+ - Detailed interpretation: The Lean version sums over o8
1)) <3/2 := by sorry J i + 1 (from 1 1o n) ... (skipped content) ... gor h
3 iteah Minor inconsistency (M2 06
o5t [
Check for missing conditions / implicit conditions: 0.4 -
- No missing conditions / implicit conditions. 034 : : o
Q 1 2 3 4
\_ - Match: - L.‘_ B Count P

Mathesis: Towards Formal Theorem Proving from Natural Languages, Xuejun et al., 2026



https://openreview.net/forum?id=CJdX82odge

LLM-as-a-Judge

Introduces AriaScorer, an LLM-based evaluator that assesses mathematical concept
grounding and formalization correctness.

Original informal statement

-
Let p1,. .., pr be r different prime numbers. Prove that the

Galois group of K = Q(/p1,...,/Pr) over Qis (Z/2Z)".
[ Here Z/2Z is the cyclic group of order 2.

Decomposed subtasks

import Mathlib

theorem galois group of adjoin_sqrt primes

(r : N) (p: Finr - N) (hp : Vi, (p i).Prime)
(h_inj : Function.Injective p) : let P :=[] L in
Finset.univ, (X 2 2 = C (pi : Q)) Nonempty (P.Gal
=* (Fin r - Multiplicative (ZMcd 2))) := -

Assumptions:
= P1y+ .., Py arc prime numbers.

-Foranyi,j € {1,...,r} with i # j, p; # p;.

- K = Q(/P1s- -+, VP7)-

| Conclusion:

- Gal(K/Q)  (Z/22)".

LLM

Subtasks evaluation

| IR

Formal statement to check

NL assump. & concl.
Lean assumps & concls
== Extracted terms

l.Polynomial (structure)

(R : Type u_l) - [inst :
Semiring R] — Type u_1l
informal_name: Univariate polynomials over
a semiring

informal_description: The structure
Polynomial R represents the type ...

2. ZMod (definition)

<other terms>

Retrieved Lean terms

Math: For eachi € {1,...,7}, p; is a prime
number.

Lean: (p : Fin r = N) (hp :
Match: Perfectly match.

Y i, (p i) .Prime)

Math: For any i,j € {1,...,r},ifi # j, then
Pi # Pj-

Lean: (h_inj : Function.Injective p)
Match: Perfectly match.

Math: The field K is defined as the extension field

K=Q(\/p—l"\/p—")

Lean: 1et P :=[] i in Finset.univ, (X * 2 - C

(pi: Q)
Match: Minor inconsistency.
o

Score calculation

if exists Major inconsistency:
Score = 0

elif all Perfectly match:
Score = 1

else:
Score = Sugeno(#Minor

inconsistency) € (0,1)

@

X Reject

=>

Yes No

« Accept

Aria: an Agent for Retrieval and lterative Auto-Formalization via Dependency Graph, Wang et al., 2026
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LLM-as-a-Judge: Is Judging Alignment Alone Enough?

Simply asking an LLM to judge semantic alignment may produce overly coarse-grained
evaluations, even with subtask decomposition. Autoformalization quality is inherently
multidimensional and cannot be reduced to whether a formalization faithfully captures its

informal counterpart.

Case 1: miniF2F Isabelle
Unpreserved Logic
Fil&_d‘ Ethe minimum value of
Iz ;’;‘ilnfr‘i for 0 < = < 7. Show
that it is 012.
theorem aime_1983_p9:
fixes x::real
assumes "0<x" "x<pi"
shows "12 < ((9 * (x"2 *
(sin x)"2)) + 4)/(x *sin x)"
SOrTYy

Case 2: Proofnet Leand
Inconsistent Mathematics
Let A be a nonempty set of real numbers
which is bounded below. Let —A be the set
of all numbers —x, where & € A. Prove that
inf A = —sup(—A).
theorem exercise_1_5
(A minus_A : Set R) (hA : A.Nonempty)
(hA_bdd_below : BddBelow A)
(hminus_A : minus_A = {x| —-x € A)}):
Inf A = Sup minus_A :=sorry

Case 3: miniF2F Lean4
Redundant Hypothesis
Simplify (2 — 22)(5 + 5¢), where
i* = —1. Show that it is 20.
theorem mathd_algebra_110
(ge: C)
(ho :q=2— 2% Complex.I)
(hi1:e=5+5 % Complex.l) :
g *e =20 := sorry

Beyond Gold Standards, Zhang et al., 2026



https://arxiv.org/abs/2506.10903

LLM-as-a-Judge: An Evaluation Taxonomy

Formula

Logical
Preservation
Relation
Alignment
Faithfulness ' Concept
Mathematical f «
> Constant

Consistency \
Operator

Conciseness

Formalization
Quality

Formal
Quality
Formalization Logical
Correctness Consistency
Formal
Validity

Pre-arg Structure
Proposition
Structure
Quantification

Decompose autoformalization
quality into four dimensions of
autoformalization quality, and
operationalize 9 interpretable
atomic properties for aspects
beyond theorem-prover
checking.

Beyond Gold Standards, Zhang et al., 2026



https://arxiv.org/abs/2506.10903

Limitations of Reference-Free Evaluation Methods

Back-Translation: May introduce information loss or linguistic variation, making it
difficult to distinguish translation errors from formalization errors.

Learned Alignhment Models: Require supervised training data and may generalize
poorly across mathematical domains, formal languages, and formalization styles.

LLM-as-a-Judge: Reliability, calibration, and robustness remain insufficiently
understood, particularly for complex or out-of-distribution mathematics.

Reference-free evaluation reduces dependence on ground-truth formalizations,
but introduces uncertainty about the reliability of the evaluator itself.



Key Takeaways

Syntactic validity is necessary but insufficient. Theorem-prover acceptance
verifies formal well-formedness or proof correctness, but cannot by itself establish
semantic alignment.

Semantic evaluation involves different trade-offs. Human evaluation is costly;
similarity metrics can miss mathematical equivalence; formal equivalence
depends on executable candidates; learned evaluators can be unreliable.
Evaluation methods are complementary, not mutually exclusive. A single paper
may combine compilation checks, human judgments, formal equivalence, back-
translation, and LLM evaluation.

No universally reliable semantic evaluation metric exists. We therefore
recommends reporting syntactic validity and semantic alighment separately, with
explicit benchmark and theorem-prover settings.



Are Reported Performance Across Studies Really Comparable?

Paper Task Formal Language Version Tested Formal Bench. Reported Eval.
Wau et al. (2022) S Isabelle/HOL Unknown miniF2F GCM, HE
Zhang et al. (2024) S Isabelle/ZF 2023 MathLibForm PCR, GCM
Li et al. (2024) S Isabelle/HOL 2023 miniF2F ATPE, BT
Ying et al. (2024) S Leand v4.7.0 miniF2F, Lean Workbook PCR, BT, HE
Gao et al. (2025) S Leand v4.11.0 miniF2F, ProofNet PCR, BT, HE
Liu et al. (2025b) S Lean4d 4.7.0-rc2 ProofNet, Con-NF PCR, ATPE, HE
Liu et al. (2025d) S Leand v4.19.0-rc2 ProofNet, PutnamBench PCR, BT, HE
Lu et al. (2026) S Leand 4.20.0-rc5 miniF2F, ProofNet PCR, BT
Wang et al. (2026) S Leand Unknown ProofNet, Fate PCR, LLM
Xuejun et al. (2026) S Leand Unknown miniF2F, PutnhamBench, Gaokao-Formal PCR, LLM, HE
Zhang et al. (2026b) S Leand 4.7.0,4.18.0 miniF2F, ProofNet, Con-NF PCR, ATPE
Jiang et al. (2023) P Isabelle/HOL 2021 miniF2F PCR
Tarrach et al. (2024) P Isabelle/HOL 2022 miniF2F PCR

Lu et al. (2024) F Lean4d v4.7.0-rc2 FORML4 PCR, HE
Zhang et al. (2026a) F Leand v4.19.0-rc3 miniF2F, ProofNet PCR, LLM, HE

Task differences: S: Statement Only; P: Proof Only; F: Statement+Proof



Are Reported Performance Across Studies Really Comparable?

Paper Task Formal Language Version Tested Formal Bench. Reported Eval.
Wu et al. (2022) S Isabelle/HOL Unknown miniF2F GCM, HE
Zhang et al. (2024) S Isabelle/ZF 2023 MathLibForm PCR, GCM
Li et al. (2024) S Isabelle/HOL 2023 miniF2F ATPE, BT
Ying et al. (2024) S Leand v4.7.0 miniF2F, Lean Workbook PCR, BT, HE
Gao et al. (2025) S Leand v4.11.0 miniF2F, ProofNet PCR, BT, HE
Liu et al. (2025b) S Lean4d 4.7.0-rc2 ProofNet, Con-NF PCR, ATPE, HE
Liu et al. (2025d) S Leand v4.19.0-rc2 ProofNet, PutnamBench PCR, BT, HE
Lu et al. (2026) S Leand 4.20.0-rc5 miniF2F, ProofNet PCR, BT
Wang et al. (2026) S Leand Unknown ProofNet, Fate PCR, LLM
Xuejun et al. (2026) S Leand Unknown miniF2F, PutnamBench, Gaokao-Formal PCR, LLM, HE
Zhang et al. (2026b) S Leand 4.7.0,4.18.0 miniF2F, ProofNet, Con-NF PCR, ATPE
Jiang et al. (2023) P Isabelle/HOL 2021 miniF2F PCR
Tarrach et al. (2024) P Isabelle/HOL 2022 miniF2F PCR

Lu et al. (2024) F Lean4d v4.7.0-rc2 FORML4 PCR, HE
Zhang et al. (2026a) F Leand v4.19.0-rc3 miniF2F, ProofNet PCR, LLM, HE

Formal-environment differences: Isabelle/HOL, Isabelle/ZF, and Lean4 with various versions.



Are Reported Performance Across Studies Really Comparable?

Paper Task Formal Language Version Tested Formal Bench. Reported Eval.
Wau et al. (2022) S Isabelle/HOL Unknown miniF2F GCM, HE
Zhang et al. (2024) S Isabelle/ZF 2023 MathLibForm PCR, GCM
Li et al. (2024) S Isabelle/HOL 2023 miniF2F ATPE, BT
Ying et al. (2024) S Leand v4.7.0 miniF2F, Lean Workbook PCR, BT, HE
Gao et al. (2025) S Leand v4.11.0 miniF2F, ProofNet PCR, BT, HE
Liu et al. (2025b) S Lean4d 4.7.0-rc2 ProofNet, Con-NF PCR, ATPE, HE
Liu et al. (2025d) S Leand v4.19.0-rc2 ProofNet, PutnamBench PCR, BT, HE
Lu et al. (2026) S Leand 4.20.0-rc5 miniF2F, ProofNet PCR, BT
Wang et al. (2026) S Leand Unknown ProofNet, Fate PCR, LLM
Xuejun et al. (2026) S Leand Unknown miniF2F, PutnhamBench, Gaokao-Formal PCR, LLM, HE
Zhang et al. (2026b) S Leand 4.7.0,4.18.0 miniF2F, ProofNet, Con-NF PCR, ATPE
Jiang et al. (2023) P Isabelle/HOL 2021 miniF2F PCR
Tarrach et al. (2024) P Isabelle/HOL 2022 miniF2F PCR

Lu et al. (2024) F Lean4d v4.7.0-rc2 FORML4 PCR, HE
Zhang et al. (2026a) F Leand v4.19.0-rc3 miniF2F, ProofNet PCR, LLM, HE

Benchmark differences: studies evaluate different subsets or additional datasets.



Are Reported Performance Across Studies Really Comparable?

Paper Task Formal Language Version Tested Formal Bench. Reported Eval.
Wu et al. (2022) S [sabelle/HOL Unknown miniF2F GCM, HE
Zhang et al. (2024) S Isabelle/ZF 2023 MathLibForm PCR, GCM
Liet al. (2024) S Isabelle/HOL 2023 miniF2F ATPE, BT
Ying et al. (2024) S Leand v4.7.0 miniF2F, Lean Workbook PCR, BT, HE
Gao et al. (2025) S Leand v4.11.0 miniF2F, ProofNet PCR, BT, HE
Liu et al. (2025b) S Leand 4.7.0-rc2 ProofNet, Con-NF PCR, ATPE, HE
Liu et al. (2025d) S Leand v4.19.0-rc2 ProofNet, PutnamBench PCR, BT, HE
Lu et al. (2026) S Leand 4.20.0-rc5 miniF2F, ProofNet PCR, BT
Wang et al. (2026) S Leand Unknown ProofNet, Fate PCR, LLM
Xuejun et al. (2026) S Leand Unknown miniF2F, PutnamBench, Gaokao-Formal = PCR, LLM, HE
Zhang et al. (2026b) S Leand 4.7.0,4.18.0 miniF2F, ProofNet, Con-NF PCR, ATPE
Jiang et al. (2023) P Isabelle/HOL 2021 miniF2F PCR
Tarrach et al. (2024) P Isabelle/HOL 2022 miniF2F PCR

Lu et al. (2024) F Leand v4.7.0-rc2 FORML4 PCR, HE
Zhang et al. (2026a) F Leand v4.19.0-rc3 miniF2F, ProofNet PCR, LLM, HE

Evaluation differences: semantic alignment is assessed using heterogeneous methods

measuring different aspects of semantic quality and rely on different assumptions.



What Should Autoformalization Studies Report?

To improve reproducibility and comparability, studies should at minimum explicitly:
1. Specify task, dataset, exact split and exclusions.

Pin prover, math library, dependencies and version.

Disclose prompts, decoding configuration, search and compute budget.

Report syntax and semantic metrics separately with uncertainty.

Release traces, failed examples and evaluation scripts when feasible.

o > 0D

However, reporting these remains insufficient to ensure fair comparisons.

What We Urgently Need: A Standardized Evaluation Testbed

A unified testbed with consistent benchmarks, controlled formal environments, and
standardized evaluation protocols is essential for reliably comparing autoformalization
methods and identifying genuine methodological improvements.



Even Frontier Models Face Evaluation Challenges

August 1, 2026: OpenAl announced “Ten advances in mathematics and theoretical
computer science”, supported by publicly released formalizations.

On the same date: J. L. Nielsen (2026) challenged the claimed counterexample to
Connes' rigidity conjecture and presented a competing mathematical argument.

September 8, 2026: OpenAl announced “On the Navier—Stokes Millennium Prize
Problem”, claiming a solution to the Navier-Stokes Millennium Prize Problem, supported
by a Lean formalization.

October 6, 2026: Bastounis et al. (2026) identified alleged discrepancies between
OpenAl's Navier-Stokes manuscript and its Lean formalization.



https://openai.com/index/ten-advances-in-mathematics/
https://openai.com/index/ten-advances-in-mathematics/
https://philarchive.org/archive/NIEWTC
https://openai.com/index/navier-stokes-solution/
https://openai.com/index/navier-stokes-solution/
https://openai.com/index/navier-stokes-solution/
https://openai.com/index/navier-stokes-solution/
https://arxiv.org/abs/2610.08144v1

October 6, 2026: OpenAl announced “Sharing Al progress in mathematics”:
® Originally 722 mathematical manuscripts, organized into 372 result families.
® Approximately 42% of top-line results have Lean formalizations.

October 7, 2026: Within 24 hours, OpenAl withdrew three manuscripts due to a
mathematical error and revised 14 others. The withdrawn results did not have Lean-
formalized main theorems.

Autoformalization offers a promising way to verify Al-generated mathematical
advances. However, manually assessing formalizations at scale is impractical and
prohibitively time-consuming.

As Al accelerates mathematical discovery, automated, rigorous, and standardized
evaluation of autoformalization must keep pace. Otherwise, we risk mistaking reported
progress for genuine mathematical advances.


https://openai.com/index/sharing-ai-progress-in-mathematics/

I— Concluding remarks
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